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Abstract

We establish steady-state validity of the nondegenerate slowdown diffusion approximation for
the stationary marginal of normalized total population in a homogeneous Markovian parallel-
server system operating under join-the-shortest-queue, with one queue at each server. Without
abandonment, the finite-horizon diffusion limit and its invariant law were known, but stationary
convergence remained open because irrevocable routing allows idle servers and waiting jobs to
coexist. A Palm analysis of marked excursions controls stationary idleness in high-population
states; combined with a state-space-collapse estimate, this yields population tail control. We
prove convergence of the stationary normalized-population marginal, interchange of the two
iterated limits, and convergence of stationary moments. We also study customer abandonment
with mean patience proportional to system size. From balanced initial queue lengths we prove
the normalized-population diffusion limit, and separately prove convergence of the stationary
normalized-population marginal. Abandonment adds a linear mean-reverting drift and gives
Gaussian-type decay in the limiting invariant density without altering the lower-boundary effect

of idleness.

Keywords. join-the-shortest-queue, nondegenerate slowdown, interchange of limits, steady-state

diffusion approximation, customer abandonment.

1 Introduction

Join-the-shortest-queue (JSQ) is a canonical load-balancing policy for parallel-server systems with
irrevocable dispatching and no job migration. We study a homogeneous Markovian system in
which each of a growing number of unit-rate servers has its own queue and every arrival joins a
shortest queue. The offered load grows with the number of servers while aggregate spare capacity
remains fixed. Utilization therefore approaches one without making congestion negligible: waiting
times remain comparable to service times, and customers experience a nontrivial slowdown. This is
the nondegenerate slowdown (NDS) regime. It differs from the Halfin—-Whitt regime, where spare
capacity grows on the square-root scale and waiting becomes negligible relative to service (Halfin
and Whitt, 1981; Eschenfeldt and Gamarnik, 2018; Braverman, 2020).



Atar (2012) introduced NDS diffusion models for pooled many-server systems. For the JSQ
system studied here, Gupta and Walton (2019) proved that the normalized total population, observed
on the NDS time scale and started from balanced queue lengths, converges to a one-dimensional
diffusion. Its drift contains an idleness term that becomes singular near the lower boundary and
vanishes once the normalized population reaches two. They also identified the diffusion’s invariant
law.

That finite-horizon theorem does not determine the equilibrium behavior of the finite systems.
Balanced initial states form only a small part of the irreducible state space, and process convergence
supplies neither uniform control of the prelimit stationary laws nor averaging of idleness under
those laws. The obstruction is structural. If several servers are idle, aggregate service capacity
is reduced by exactly that amount, so even a large total population need not have negative drift.
Irrevocable routing permits waiting jobs and idle servers to coexist. In a pooled many-server queue,
work conservation makes the total customer count a one-dimensional Markov process; with one
queue at each server, the total population is not Markov because its departure rate also depends on
idleness. A steady-state proof must therefore control the joint occurrence of a large population and
substantial idleness.

We prove that the NDS diffusion approximation is asymptotically exact for the stationary
marginal of normalized total population. That marginal converges to the diffusion invariant law, the
two iterated limits agree, and stationary polynomial moments and a range of exponential moments
converge. We also analyze a model with exponential patience times of rate v/N. From balanced
initial queue lengths we establish its normalized-population diffusion limit. Furthermore, we prove
convergence and moment convergence for the stationary normalized populations; together, these
results yield interchange of the two iterated limits. Abandonment adds a linear mean-reverting
drift but leaves unchanged the averaged contribution of idleness responsible for the lower-boundary
behavior.

Methodologically, the proof separates stationary occupation control from stochastic averaging.
A Palm analysis of marked deficit excursions, based on Campbell’s formula, controls integrated
idleness in high-population states. Together with the bound for the perpendicular component, these
occupation estimates yield a uniform exponential-moment bound for the stationary normalized
population. A finite-NV Poisson equation for the frozen idleness chain then removes the centered fast
variable from the stationary generator. The resulting basic adjoint relationship (BAR) identifies
the limit in the interior, pooled comparison excludes boundary mass, and zero probability flux

determines the invariant density.

1.1 Related literature

NDS diffusion models and the direct predecessor. Atar (2012) introduced the NDS regime
for pooled many-server systems with heterogeneous exponential servers. Huang et al. (2016)
subsequently developed diffusion limits for pooled many-server queues with general patience-time
distributions in both the Halfin—-Whitt and NDS regimes. The direct predecessor to the present



paper is Gupta and Walton (2019), who established the NDS diffusion limit and its invariant law
for the same JSQ system without abandonment. Their result is a finite-horizon limit from balanced

initial states; convergence of the finite-system stationary laws was left open.

Many-server JSQ limits. For JSQ in the Halfin—-Whitt regime, Eschenfeldt and Gamarnik
(2018) proved the diffusion limit, while Braverman (2020, 2023) established steady-state convergence
and rates. Zhao et al. (2025) obtained process and stationary limits in the super-Halfin-Whitt
window, and Bhambay et al. (2025) proved a diffusion limit and interchange result for heterogeneous
speed-aware JSQ in the Halfin—Whitt regime. These papers establish steady-state validity under
other many-server scalings, but they do not address the NDS equilibrium problem with fixed

aggregate spare capacity.

Customer abandonment. For pooled many-server queues, Dai et al. (2010) established diffusion
limits with general patience, Dai et al. (2014) proved steady-state convergence and interchange
in the Halfin—-Whitt regime, and Gurvich et al. (2014) developed steady-state approximations for
the Erlang—A queue across loading regimes, including NDS. For systems with one queue at each
server, Cao et al. (2021) compared pooled and separate-queue architectures through a fluid model
in a moderately overloaded regime with abandonment. Jhunjhunwala et al. (2025) characterized
steady-state queue-vector limits for a fixed number of discrete-time JSQ queues as the abandonment
probability vanishes. Wang and Maguluri (2026) obtained stationary Gaussian approximations and
tail bounds for a fixed-dimensional heterogeneous JSQ system in a heavily overloaded, vanishing-
abandonment regime. The closest JSQ-abandonment results are stationary asymptotics with a
fixed number of queues, while the closest many-server abandonment results concern pooled or
fluid models. To the best of our knowledge, no prior work proves both the scalar NDS diffusion
limit and steady-state limit interchange for normalized total population in many-server JSQ with

abandonment.

Steady-state methods. Jhunjhunwala et al. (2024) proved the uniform exponential-moment
bound for the component perpendicular to the state-space-collapse manifold used here, but their
stronger total-queue estimate requires a scale condition that fails when normalized slack is of
order one over the number of servers. More broadly, steady-state interchange has been proved for
generalized Jackson networks through Lyapunov and strong-approximation methods (Gamarnik
and Zeevi, 2006; Budhiraja and Lee, 2009) and through the BAR approach (Braverman et al.,
2017). Poisson equations have also been used to average fast modulation in JSQ systems (Hurtado-
Lange and Grosof, 2026). These methods do not directly resolve the present problem because the
population drift depends on fast idleness dynamics before averaging and becomes singular near
the lower boundary. Our proof combines Palm/Campbell occupation control with a finite-system

Poisson equation to address these two obstacles.



1.2 Main contributions

The paper has three limit results and two methodological contributions.

1. Steady-state validity without abandonment. Theorem 4 and Corollaries 1 and 2
show that the stationary marginal of normalized total population converges to the explicit
invariant law of the NDS diffusion, that the two iterated limits agree, and that all polynomial
moments and a nontrivial range of exponential moments converge. Thus the diffusion obtained
from balanced initial states remains exact for this scalar equilibrium marginal, although the

finite-system invariant law is supported on all queue configurations.

2. Steady-state validity with abandonment. For exponential patience times of rate v/N,
Proposition 4, Theorem 6, and Corollary 3 identify the invariant density, prove convergence
of the stationary normalized-population marginal, and establish moment convergence and
interchange. The abandonment term changes the upper-tail behavior of the limiting invariant

density from exponential to Gaussian-type decay.

3. NDS diffusion limit with abandonment. From balanced initial queue lengths, Theorem 5
proves the functional normalized-population limit. Its proof requires localized occupancy-profile

estimates, finite-system averaging, joint Brownian identification, and removal of localization.

4. Stationary occupation-time control. A Palm analysis of marked excursions of the deficit
process converts subcritical excursion dynamics into bounds on idleness in high-population
states without requiring a regenerative decomposition of the full system. Combined with a
uniform exponential-moment bound for the perpendicular component, these estimates yield

the uniform exponential-moment and tail bounds in Theorem 2.

5. Finite-system stochastic averaging. Theorem 3 replaces the idleness process, under the
prelimit invariant law, by its state-dependent equilibrium mean in the population drift. The
finite- NV Poisson equation reduces the generator comparison to a weighted approximation of

the actual fast transition rate and bounds on the increments of its solution.

Organization. Section 2 states the baseline and abandonment models, the principal results, and
the proof architecture. Sections 3 to 6 develop the common stationary argument in proof order:
state-space collapse and excursion estimates, exponential-moment control, stochastic averaging, and
limit identification. Section 7 proves the diffusion limit with abandonment. The appendices contain
fixed-system recurrence and moment arguments, Palm-construction details, localization proofs, and

auxiliary estimates.

Notation conventions. For z € R, 27 = max{z,0}. Weuse Z = {0,1,2,...}, aAb = min{a, b},
and a V b = max{a, b}. The vector e; is the ith coordinate vector, 1y = (1,...,1), and 14 is the
indicator of A. For open U C R, C¥(U) denotes the real-valued C* functions with compact support
in U; C.(U) = CY(U), and C(U) is the corresponding smooth test-function space. The notation



Law(Y) is the law of Y, = denotes weak convergence, and U <y V means P(U > z) <P(V > z)
for all z. Unless stated otherwise, O(+), o(+), and < refer to N — oo; their constants may depend
on fixed model parameters but not on N, and ay =< by means that ay /by is bounded above and

below by positive constants.

2 Model and main results

2.1 Finite-system dynamics and stationary identities

Fix 8 > 0. For each integer N > (3, consider N identical single-server queues. Arrivals form a
Poisson process of rate
A =N — 3.

Service requirements are independent exponential random variables of mean one. Each nonempty
queue is served at rate one, buffers are infinite, and an arrival joins a shortest queue, with ties
broken uniformly. For every process-level result, the initial queue vector is independent of the future
arrival, service, tie-breaking, and abandonment primitives. We use the completed right-continuous
filtration generated by the initial state and those primitives.

Let QN(t) = (Q{V(t), .. ,Q]Nv(t)) € Zf be the queue-length vector. The generator is

LNF(@) = v 3 [Flate) = F@)] + 3 [Fla—e) — F(g)],

where m(q) = minj<;<ny ¢; and A(q) = {i : ¢i = m(q)} for ¢ € ZY. The total jump rate is at most
2N, so the chain is nonexplosive.

For j > 0, introduce the exact-level counts MJN(q) =#{i:q =j}, and, for j > 1, the occupancy
counts Z]N(q) = #{i:q > j}. Along the process, use the same symbols for the corresponding
evaluations: M]N(t) = MJN(QN(t)) and Z]N(t) = ZJN(QN(t)). For a deterministic state ¢ € Z%,
write

N
I(q) =M (@) =#{i:q: =0}, S@=> a=> 2" ()
i=1 j>1
Along the process, set IV (t) = I(QM(t)) and SN(t) = S(QN(t)). A deterministic argument ¢
denotes evaluation of a coordinate function at state ¢, as in MJN(q)7 Z]N(q), I(q), and S(q); a time
argument denotes evaluation along the stochastic process. When no confusion is possible, the
superscript N is suppressed.
The following results introduce basic properties of the queue-length process. The proofs are

collected in Section A.1.

Proposition 1 (Positive recurrence). For every N > f3, the chain QY is irreducible and positive

recurrent and therefore has a unique stationary distribution my.

Let QY (c0) have law 7y, with IV (c0) = I(Q" (c0)) and SV (c0) = S(Q™(00)). In stationary
calculations we suppress “co” and write QV, IV, SV, and Xy = SV /N. The symbol “co” denotes



a stationary copy, not an almost-sure path limit. Unless another law is specified, unqualified

probabilities and expectations of finite-IV variables without time arguments are taken under 7.

Lemma 1 (Exponential moments for fixed N). For every N > (3 and every z satisfying 1 < z <
N/(N — j3), one has

N
Exy ZleN < 00. (1)
i=1

Consequently, every polynomial moment of SN is finite.

Lemma 2 (Stationary generator identity). If F : ZY — R satisfies |F(q)|+|LnF(q)| < C(1+S(q)P)
for some C,p < 0o, then F and Ly F' are my-integrable and

Ery (LN F)(QY) = 0.
Applying Lemma 2 to F' = S gives the exact flow balance
E. IV =B, (2)

because the birth and death rates of SV are N — 3 and N — IV, respectively. This fixed first moment

of idleness is used throughout the tightness and averaging arguments.

2.2 NDS scaling and the limiting diffusion

Define the accelerated, normalized total population
PN SN(Nt
XNty = ST
A martingale representation is

XN(t) = XN(0) + MN (1) ﬁt+1/NtIN( )d
= — N ; s)ds,

where MY is the martingale term with respect to the natural filtration. The only nontrivial drift

term is the integrated idleness.

Set 5
i
rix y 1<CC<2,
Ma) = 2-2),  gle)= e |
1—r(z) 0, x> 2.

Whenever h € C.((1,00)) is multiplied by g, we extend h by zero to R and use the convention
h(z)g(z) =0 for any =z < 1.

For 1 < x < 2, a balanced occupancy profile contains approximately N (2 — ) one-job queues
and N(z — 1) two-job queues. Service completions from one-job queues create idleness at rate
approximately N (2 — z), while arrivals remove idleness at rate approximately N. The corresponding
fast M /M /1 chain has mean (2 —x)/(z — 1) = g(x).

The following is the diffusion limit of Gupta and Walton (2019), written in the present normal-

ization.



Theorem 1 (Gupta—Walton NDS limit). Suppose that the initial queues are balanced,
P (max QY(0) - min QY (0) < 1) = 1
(2 (2

and that XN (0) = X (0) with P(X(0) > 1) = 1. Then, in the topology of uniform convergence on
compact time intervals,
XN = x,
where X is the pathwise unique solution of
AX(1) = [o(X (1) — 6] dt + V2 dB(D).  X(1)> 1, (3)
and B is a standard one-dimensional Brownian motion. The boundary 1 is inaccessible.

The next proposition verifies positive recurrence and identifies the invariant law through the

scale and speed measures; it also records the ergodic convergence used in the interchange argument.

Proposition 2 (Invariant density of the NDS diffusion). The diffusion (3) is nonexplosive and

positive recurrent. Its unique invariant probability density is

(x —1)eBHDE=2) ] < 2 <2, B(1 4 B)?
z)=C where Cg = ————. 4
pslz) = Cs ¢~ B-2) > BT 14 Belth (4)

From every initial law supported on (1,00), the law of X (t) converges to this invariant law as t — 0o.

The proof is deferred to Section C.1. The two pieces of (4) correspond to the two drift regimes:
above two the density has exponential rate 3, as in the pooled M/M/N queue under NDS scaling,
while near one it vanishes linearly because g(z) ~ (z—1)~!. It remains to show that the finite-system

stationary laws converge to this invariant law.

2.3 Steady-state results without abandonment

Let vy be the stationary law of X = S¥/N, and let v have density (4). The proof separates
compactness from identification. The first theorem supplies both tightness and the uniform

integrability needed for moment convergence.

Theorem 2 (Uniform exponential-moment and tail bounds). Fiz 8 > 0. For every
0 <a<min{p,1/288}, (5)

there exist Ng < oo and C, < 0o such that

sup ]EWNe“SN/N < C,. (6)
N>No
Consequently,
SN —axr
sup Pry | —— > 2 ) < Che™ ™, x>0, (7)
N>No N

and the sequence {vn} is tight.



Tightness alone is insufficient because the stationary generator still contains the fast variable

IN. The next theorem replaces it, against test functions supported away from the lower boundary,

by the averaged value determined by Xy

Theorem 3 (Stationary stochastic averaging). For every h € C1((1,00)),
Ery [M(XN)IY = h(XN)g(Xn)] — 0. (8)

Together, the two theorems reduce steady-state convergence to identification: subsequential
limits satisfy the diffusion BAR on (1, 00), a pooled comparison excludes mass at one, and zero-flux

uniqueness determines the law.
Theorem 4 (Steady-state NDS limit). For every fized § > 0,

SM(c0)
N

= Xﬁ,
where X has density (4). Equivalently, we have vy = vg.

Together with fixed-system ergodicity, the diffusion limit in Theorem 1 and the diffusion ergodicity

in Proposition 2 then give the interchange statement.

Corollary 1 (Interchange of limits). Let {Q™(0)} be an initial sequence satisfying the hypotheses
of Theorem 1. Then

N N
lim lim Law <S(Nt)) =vg = lim lim Law <S(Nt)> .

N—s00 t—00 N t—00 N—00 N

Moreover, for an arbitrary sequence of finite-system initial laws on Ziv, the steady-state-then-many-
server limit on the left still equals vg; the balanced-initial-state condition is needed only for the

many-server-then-long-time limit on the right.

Corollary 2 (Convergence of stationary moments). For every integer k > 1,

SY\*
Ery (N> — EX}.

More generally, if 0 <n < a for an a satisfying (5), then

N
Erye™ /N —s Ee™Xs.

2.4 Abandonment model: diffusion and steady-state results

Fix v > 0. Forquf, let



be the number of waiting customers. We attach the superscript (N,7) to the processes from
Section 2.1; the superscript identifies the abandonment model but does not change the definitions
of Mj, Z;, I, S, or W. For N > 3, let w}; denote the stationary law whose existence is established

in Proposition 3, and set

SN (00)

SNY(Nt)
N '

XN(t) = ¥

X7, =

In the abandonment model, each waiting customer abandons independently at rate ~y/N;
customers in service do not abandon, and all other primitives are unchanged. In physical time,
service times are exponential with rate one and patience times are exponential with rate v/N.
Under the accelerated clock t — Nt, these rates become N and 7, respectively. Operationally, this
scaling represents increasingly patient customers: the mean patience time is N/+ in physical time.
Abandonment is therefore rare at the individual-customer level. Nevertheless, when the waiting
population is of order N, the aggregate abandonment rate (7/N)W7 is of order one. This flow
is on the same scale as the fixed spare-capacity parameter 3, so it has a first-order effect on the
normalized population and its stationary distribution.

The generator of QN7 is

N
LYF(q) = LnF(g)+ (6 = 1) [Flg—e) = F(q)]. (9)
=1
Consequently, the population drift is
(L39)(a) = I(a) = B = - W(a). (10)

This normalization corresponds to the a = 1/2 specialization of the pooled NDS formulation
in Huang et al. (2016, Section 3.3 and Theorem 3.3). Set their sequence index to n = N? and
their base service rate to u = 1. Their system then has n® = N servers, per-server service rate
u" =n'"%y = N, and diffusion scale \/n = N, exactly as on our accelerated clock. The accelerated
arrival rate is \* = N(N — ) = n — 84/n, so their traffic parameter \/n(A\"/(nu) — 1) equals —f.
With the fixed patience distribution F'(z) = 1 — e~ 7%, their no-scaling condition gives f(z) = yx
and hence the abandonment drift —pf(y/pu) = —vyy for their scaled waiting-population variable y.

In the present model, on the accelerated clock,

WNY(Nt)
N

INY(Nt)

= XNt -1
(t) =1+ —

yN(t) =

The localized idleness estimate proved below shows that the final term vanishes, yielding the limiting
abandonment drift —y(X7(t) — 1).

An abandonment changes the normalized population by —1/N. Its contribution to predictable
quadratic variation is therefore of order N~! and vanishes in the limit; abandonment changes the
limiting drift but does not create an additional Brownian term. Although the physical-time arrival

rate is O(N), the aggregate abandonment rate is O(1), so only an O(N~1) fraction of arrivals



abandon. This order-one flow nevertheless competes with the fixed spare-capacity parameter 8 and
changes the normalized-population limit.

Under stationarity, the population drift identity gives
N, il N,
ETI.’YNI 7:B+NIEW7VW 7,

Thus stationary idleness accounts for both the fixed spare capacity and the loss of waiting customers
through abandonment.

The extension begins with the pathwise order that supplies stability and transfers upper bounds
from the model without abandonment. For ¢ € Zf , let ¢" be its nondecreasing rearrangement and
write ¢ < ¢’ when qiT < (ql'-)T for every i. Thus ¢ < ¢’ precisely when the sorted queue-length vectors

are ordered componentwise.

Proposition 3 (Finite-system stability and monotone coupling). For every N > 3, the chain Q™"
18 irreducible, nonexplosive, and positive recurrent and therefore has a unique stationary law 77?\,.
If ¢ < ¢, there is a coupling of the abandonment system started from q and the system without

abandonment started from q' such that
QN () = QNO(t),  t>0, (11)
almost surely. In particular, 7}, is stochastically dominated by mn with respect to <.

The baseline steady-state theorem is proved independently. Under abandonment, the diffusion
and stationary limits require distinct compactness arguments. For the diffusion limit, we localize the
normalized population on compact subintervals of (1,00), establish the required occupancy-profile
estimates, average the fast idleness variable through the finite-IV Poisson equation, identify the
Brownian driver in the joint limiting filtration, and then remove localization. For the stationary
limit, Proposition 3 transfers the baseline exponential-moment control, while abandonment-modified
marked-excursion bounds and the idleness-weighted approximation of the one-job queue count yield
stationary averaging. A comparison with the pooled M /M /N + M queue then excludes boundary

mass and completes the zero-flux identification.

Theorem 5 (NDS diffusion limit with abandonment). Suppose that the initial queues are balanced

in the sense of Theorem 1 and that
XN0) = x(0), P(X(0)>1)=1.
Then, in the topology of uniform convergence on compact time intervals,
XN = X7, (12)

where X7(0) has law X(0), B is a standard Brownian motion independent of X7(0), and X" is the

pathwise unique nonexplosive solution of
dX7(t) = [g(X”(t)) — B —y(X7(t) - 1)] dt +v2 dB(t), X7(t) > 1. (13)

The boundary 1 is inaccessible.

10



Remark 1 (Role of balanced initialization). Ezact balance supplies the four initial-layer controls
used in the proof: it places the initial occupancy profile on the state-space-collapse manifold, identifies
the initial fraction of one-job queues, bounds the initial mazximum queue length by the total population,
and ensures that time zero contributes no uncontrolled marked deficit excursion with large Zév’v.
Extending the process theorem to asymptotically collapsed or stationary initial states requires a

separate initial-layer analysis.

Proposition 4 (Invariant law with abandonment). The diffusion (13) is positive recurrent and has
the unique invariant density

(x—l)exp{—(1+5)(x—2) —%((:c—l)Q—l)}, l<z<2,

exp{—ﬂ(x—2)—%((x—l)2—1)}, x> 2,

py(T) = Cpy (14)

where Cg  is the normalizing constant. From every initial law supported on (1,00), the law of X7 (t)

converges to this invariant law as t — oo.

Theorem 6 (Steady-state NDS limit with abandonment). For every fized 5,y > 0,
Xy = X4, (15)
where Xg ., has density (14).

Corollary 3 (Interchange and stationary moments with abandonment). For every initial sequence

satisfying the hypotheses of Theorem 5,

NA(Nt
lim lim LaW<SN()> = Law(Xg )

N—o0 t—00

SNW(Nt)) .

lim lim L
im lim aw< N

o t—o00 N—o0

The steady-state-then-many-server limit holds from arbitrary finite-system initial laws. For every
k>1,
k k
}EW’YN (X)) — EXg .-
If 0 <n < a for an a satisfying (5), then

5
Eﬂ.]vvenXN — X8,

The invariant density is the baseline density multiplied by an explicit abandonment tilt:
Cs, g 2
paal®) = 2 ps(o) exp{ -2 ((z = 1)* = 1)}

Because this tilt is finite and positive at one, the density still vanishes linearly at the lower boundary:
the singular upward drift generated by idleness dominates, while the linear abandonment drift
vanishes. In the upper tail,

7 2

logpg(2) = —52” + O(z).

Thus the limiting invariant density changes from exponential upper-tail decay to Gaussian-type

decay. This statement concerns the limit density; the finite-V stationary systems are controlled

11



by the inherited uniform exponential-moment bound. Both the baseline diffusion and its invariant
density are recovered as v | 0. The extension also shows that the proof architecture is robust to a
perturbation of the slow drift once the modified rate bounds are verified.

The interchange statements in this section concern iterated weak limits of the laws of normalized
total population. They do not assert convergence of the stationary occupancy profile, a joint limit
in N and time, stationary process-level convergence, or a uniform mixing estimate. Arbitrary
finite-system initial laws are allowed only in the fixed-/V, long-time-first order; the many-server-first

order uses the balanced initialization in Theorems 1 and 5.

2.5 Proof architecture

The stationary proofs for both models follow one chain of implications. Marked excursions control
integrated idleness when many queues contain at least three jobs. Combined with the perpendicular-
component estimate, these bounds yield a uniform exponential-moment bound for the stationary
normalized population. The finite-V Poisson equation then replaces idleness in the stationary
generator by its state-dependent equilibrium mean. The resulting BAR identifies the law on the
interior, pooled comparison excludes boundary mass, and zero probability flux determines the
invariant density.

The diffusion-limit proof with abandonment uses a separate localized branch. The monotone
coupling supplies the upper-tail bound needed for compact containment; modified deficit excursions
give the required occupancy-profile and idleness estimates; and the same Poisson equation yields
stopped averaging. The martingale functional central limit theorem identifies the marginal noise
law, and a joint martingale argument shows that the limiting noise is Brownian in the filtration
containing the initial state and stopped population. Boundary estimates then remove localization.

The rest of the paper is dedicated to the proofs of the main results.

3 State-space collapse and excursion estimates

The first part of the stationary argument controls two features hidden by the scalar population:
imbalance across queues and aggregate shortfall below level two. The former is handled through a
uniform exponential-moment bound for the perpendicular component and the latter through the
deficit process and its marked excursions. The resulting occupation estimates are the common input

to tightness and averaging; stationary generator calculations use Lemma 2 and the flow balance (2).

3.1 State-space collapse and the deficit process

Uniform exponential-moment bound for the perpendicular component. For a determin-
istic g € Zf , define

1 N
_ ) L -
1= _Elq@, ¢ =q—qln.
1=

12



For the stationary random state, set

QY =@M, Q' =0QF - Xu.

The following result is Proposition 3 of Jhunjhunwala et al. (2024). Their homogeneous FCFS JSQ
model matches ours under n = N and service rate ¢ = 1, and their load-slack parameter becomes
en = pB/N.

Theorem 7 (Uniform exponential-moment bound for the perpendicular component). There exist
universal constants Kk, = 128 and 0, = 1/96 with the following property: if /N < 1/2 and
0<0<8,, then

N N
Exy Z:emi\[’l + Z:G%QZNYL <k N. (16)
i=1 i=1
Let
hax = max Q. Dy = max [QY — Xy| = max Q.
By Markov’s inequality,
Pry(Dn > u) < /ﬂNefou, u > 0. (17)

A second immediate consequence is an exponential-moment estimate weighted by idleness. On
{IV > 0}, every idle coordinate has QfV’L = —Xny, so

N
R
=1
Consequently,

Ery [V V] < k) N. (18)

The factor N prevents (18) from yielding a uniform exponential-moment bound on its own.

The deficit process. Recall that Zév =#{i: Qﬁv > 3} is the number of queues with at least three
jobs. Following the aggregate coordinate used by Gupta and Walton (2019) in their finite-horizon

averaging argument, define the aggregate shortfall below level two, for a deterministic state ¢, by
V(q) = 21(q) + M7 (q),

and along the process set VV(t) = V(QN(t)). We refer to VV as the deficit process, and use
VN = V(QN) for its stationary version. Equivalently, V(q) = Zi\;l(Q — ¢;)*: an idle queue
contributes two units of shortfall, a one-job queue contributes one, and a queue with at least two
jobs contributes none. Thus VY measures the aggregate shortfall below level two without crediting

excess jobs above level two. Its exact dynamics are particularly simple.

Lemma 3 (Exact deficit dynamics). At every state,
VN —VvN 1 atrate MY +MY =N -1V - ZY (19)
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while
VN S VvN_1 atrate N -5, vy > o. (20)

Moreover, Zév can increase only when VIV = 0.

Proof. A service completion from a one-job queue changes (I, M;) to (I + 1, M; — 1) and therefore
increases V' by one. A completion from a two-job queue creates a one-job queue and also increases
V by one. No other completion changes V', which proves (19).

If I > 0, an arrival changes (I, M;) to (I —1,M; + 1), decreasing V by one. If I = 0 and
M; > 0, it joins a one-job queue and again decreases V' by one. These are exactly the states V' > 0,
proving (20). Finally, Z3 increases only when an arrival joins a two-job queue. Under JSQ this

requires every queue to have at least two jobs, equivalently I = M; =0 and V = 0. 0

The lemma exposes the useful asymmetry. On {Z) > K} with K > 3, the upward rate of
VN is at most N — K, while its downward rate is N — §; hence the deficit is uniformly subcritical.
Because Zév cannot increase while VN > 0, this comparison persists until the excursion returns to
Zero or Z?])V falls below K. The next subsection turns this excursion-level control into stationary

occupation bounds.

3.2 Marked-excursion decomposition

Fix integers K, L satisfying
B <K <N, 1<L<N-8. (21)

A deficit excursion is marked when its initial jump from zero occurs with Zév > K. The decomposition

below splits its integrated idleness at the first hit of level L: idleness before that hit is indexed by

the individual idleness excursions, while the remaining idleness is indexed by the containing deficit

excursion. The half-open endpoint convention assigns the hitting time to the post-hit component and

excludes the terminal return time. Figure 1 illustrates the allocation before the formal statement.
For 0 < b < dand i >0, define

i2 (b+d)i
d—b) 2d—b2

Fyq(i) = 5

We use a two-sided stationary version of the chain and write E?/ and E? for Palm expectation with

respect to the marked deficit- and idleness-excursion point processes.

Proposition 5 (Palm excursion decomposition). Suppress the superscript N. Mark the starts

Ev={0:V(c—)=0, V(o)=1, Z3(0) > K}, Sy = Z d5-

o€y

Foro e &y, let

(o) =inf{t >0 : V(t) =0 or Z3(t) < K}, x(0) = inf{t € [o,7(0)) : V(t) > L},
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marked V-excursion

(d) Reward profiles

completed pre-hit [-excursion

(a) RE™(u)
0 mr(a) —a “
(b)
truncated pre-hit I-excursion
l l
| I
X ! I
A !
S | | >
) U
() & | | 1
= | ‘
= | RE™® RP* !
= , post-hit remainder
g a 71 () o x(o)=rTr(a) 7(o)
allocation of idleness
before x(o): split among marked I-excursions ‘ RES (1) i
after x(o): assigned to the containing marked V-excursion } uy =ty —o !
1 - 1
| I
I
I(t):ﬂ-{Zg,(t)ZK} = Z Rﬁrc(t —a) + Z /f,';mt(f —0) //J | | | i .
a€ly o€y 0)((0’)70’ ’7’(0’)—0’ U

Figure 1: Panel (a) shows that Z3(t) remains at least K during the marked excursion. Panel (b)
shows the associated deficit path, which first reaches level L at x(o). Panel (¢) allocates the idleness
restricted to {Z3(t) > K} between its pre-hit and post-hit components, and panel (d) re-indexes
the corresponding reward profiles by elapsed time since the marked event. Shifting and superposing

these profiles recovers I(t)1z,1)>Kk}-

with x (o) = oo if the second set is empty. Let Er consist of jumps o with I(a—) =0 and I(a) =1
occurring in [0, x(0) A 7(0)) for a marked excursion o, and write Zf = ) e, 0o If o(a) is the

containing marked excursion, set
Tr(a) = inf{t > a: I(t) = 0} A x(o(a)) AT(0()),
and define

Rpre(u) = I(OJ + u)1{0§u<n(a)—o¢}7 REOSt(u) = I<J + u)]l{x(a)<7'(a),x(a)—a§u<7(a)—a}'

Then the following assertions hold.

(a) Ev and E are stationary, simple, locally finite point processes with measurable shift-covariant
marks. If

Trp(t) = Y Loct<yonrio)}s
oely
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then, whenever V (t—) > 0 and o is the most recent jump V : 0 — 1 before t,

TrL(t) = L{zy(t-)>K, sup,,<oey V(s)<L}s (22)
with ' 1,(t) = 0 when V(t—) = 0. In particular T'k 1, is predictable. Define
Ov(t) = Liv)=0,zs(-)>k}  O1(t) =T L(®)Lir—y=0,v(i—)<L—2}
Then Oy and Of are predictable, and the exact compensator measures are
Ay (dt) = Oy (t)Ma(t—) dt, Ar(dt) = ©7(t)M;(t—)dt. (23)
Consequently, the corresponding intensities satisfy

LvéN—K, L[SL. (24)

(b) Away from the locally finite jump set,

1) z,0>K) = Z REYC(t —a) + Z Rt — o). (25)

a€ly o€y

Campbell’s formula therefore gives

Ery [Ny gn5 1] = B} /0 RV (u) du + 1/ EY, /O R () du. (26)

(¢c) Conditional on the post-jump state at a Palm point, the future segment has the original

deterministic-state Markov law. Uniformly over the possible post-jump states,

00 N — B
0 pre < e S
IEI/O R (u) du < Fr n_ (1) N G0 (27)
N K\ L]
Py(x <7) < (H) ) (28)
T/ 1
sup Eq// I(t)dt < S Fn-kN—p(L), (29)
¢:V(¢)=L 0 2
Z3(q') 2K

where q ranges over marked post-jump states and 7' is the first time, from ¢, that V =0 or
Zs < K.

The proof, including the two-sided construction, predictable thinning, endpoint verification, and
the Palm disintegration argument, is given in Section B.1.
3.3 Occupation bounds for level-three occupancy and the deficit process

We now apply Proposition 5 to bound the stationary idleness accumulated while Zév > K, leading
to the general occupation estimate in Proposition 6. The proposition splits this idleness into a

pre-hit part, accumulated before the deficit process reaches level L, and a post-hit part, accumulated
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after that threshold is reached. Campbell’s formula turns this pathwise decomposition into two
intensity-times-reward terms, which we bound separately below.
For the pre-hit term, marked I-excursions start at intensity at most L and have Palm mean

total reward bounded by Fr, y_g(1). For the post-hit term, a marked V-excursion reaches level L

N — K\*!
(5)

after which I < V/2 controls the remaining integrated idleness.

with probability at most

Proposition 6 (Idleness on states with Z¥ > K). For K, L satisfying (21),
B, (11 | < LIN-B8) N-K (N-K\"'[ L2 +(2N—K—5)L
W HAEKE S (NI T 2 \N-B 2(K—B) " 2(K-B)?
Proof. By (23)-(24) and (26), the pre-hit contribution is at most LFy, y_g(1). For the post-hit
contribution, combine the marked deficit-excursion intensity, the threshold-hitting probability (28),

and the reward estimate (29). Substitution of F} 4 gives the displayed bound. O

Set
Ky =[N%%,  Ly=I[NY?.
For these choices, the pre-hit term in Proposition 6 is O(Nfl/Q). Moreover, KnyLy/N = N4

C

so the threshold-hitting probability is at most e~V Y% for some ¢ > 0. Including the polynomial

intensity and reward factors, the post-hit term is O(N 5/4g=cN 1/4), and therefore decays faster than

every inverse power of N. More generally, the bound in Proposition 6 vanishes for any sequences

KnyLy
Nlog N

satisfying the range conditions in (21), together with Ky — oo, LTN —, and — 00.

Corollary 4 (Idleness bound above the level-three threshold). There are constants c¢,C, Ny > 0,
depending only on [, such that

Ery [V zy550)) S ONTV2 4 ONPeme N N > Ny, (30)

Proof. Apply Proposition 6. With K = Ky and L = Ly, its pre-hit term is O(N_1/2), while

Ly—1
(55" e )

The post-hit integrated-idleness factor is O(N'/4) and the marked-excursion start intensity is O(N),
giving the second term in (30). O

The averaging branch also requires a tail bound for the deficit while Zév remains large.
Proposition 7 (Occupation above a deficit threshold). For § < K < N and every integer v > 1,
Nv (N-K\"!
N N
Py (VY >0, Z3' > K) < K 75 (N—B)
The proof is deferred to Section B.2. Its two estimates are a birth—death hitting bound for

(31)

reaching v within a marked excursion and a localized Dynkin bound v/(K — ) for the remaining
duration; Campbell’s formula, together with the coarser bound tyy < N in place of vy < N — K,
then gives (31).
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4 Uniform exponential-moment bound and tightness

We now convert the occupation estimates into a uniform exponential-moment bound for the
stationary normalized population. Because (LxS)(q) = I(q) — 3, only high-population states that
retain idleness can have positive population drift. The argument first shows that their expected
idleness vanishes, then strengthens this to an exponential-moment bound weighted by idleness, and
finally uses an exact level-crossing identity to control the exponential transform of the normalized

population.

4.1 Vanishing idleness in high-population states

For x > 0, define the expected idleness above population level x by

In(2) = Eny [TV Lix 0]

The estimate splits according to the number of queues with at least three jobs. Large Z%' is
controlled by the excursion bound, whereas small Z?])V together with X > 2 forces the excess

population onto a few long queues and therefore creates a large perpendicular component.

Proposition 8 (Vanishing idleness in high-population states). For every fized x¢ > 2,
J N(:C()) — 0.

More precisely, for any 0 < 6 < 0, there are constants c,C, Ny > 0 such that

Jn(zo) < ONTV2 4 CN®/AeeNY | N2 exp {—9(3:0 —2) (Ié’v - 1) } ; N > No, (32)
N

where Ky = [N3/4].

Proof. The contribution from {Z}" > Ky} is bounded by Corollary 4. On {Xy > o, Z3 = 0}
one would have SN < 2N, so this event is empty because xg > 2. It remains to consider Zév =7
with 1 < 7 < Kyny. The N — j queues below level three contain at most two jobs each, so
NXyn <2(N — 7))+ jQN... On {Xxn > z0, ZL¥ = j} this implies

max*

ﬁax—Xsz—m(]j—l)z<xo—2><1§]’v_1>.

By (17) and IV < N,

N
E[IN]I{XNZIO,Z§V<KN}] < KJ-NZ exp {—9(.@0 —2) (K—N - 1) } :

Combining the two regions proves (32). Since N/Ky — 1 =< N4, both stretched-exponential terms
there are 0(Nf1/2); in particular, Jy(z¢) < CoN~1/2 for all sufficiently large N. O
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4.2 Exponential-moment control weighted by idleness

The fixed-level estimate is not yet strong enough for the transform argument. We interpolate it with

the global bound (18) to obtain a uniform exponential-moment bound under idleness weighting.

Proposition 9 (Uniform exponential-moment bound weighted by idleness). Fiz 0 < 6 < 6, and
) 0
0<a<minq g, 30
Then there are Ny < oo and C < oo such that

sup Er, [INe“XN] <C.
N>Np

The proof in Section C.2 uses a layer-cake decomposition, splitting at ¢, log N. The interval

1/(6 — a) < ¢x < 1/(2a) is nonempty precisely when 3a < 6.

4.3 Level crossings and the exponential transform

Let
PN =P (SN =m), =By [TV L pgn |-

For m > 0, apply Lemma 2 to the bounded state function
Fin(q) = Lis(g)<my-

Only two kinds of transitions cross the cut {S < m}. An arrival leaves the cut when S = m, while

a service completion enters it when S = m + 1; the latter occurs at total rate N — I. Therefore
0= Eny (ENFn)(@Y) = =(N = B + By [(N = )L sw iy -
Equivalently, the exact level-crossing identity is
(N = B)pm = Npjmy1 = Jmsa- (33)

This identity yields the transform bound: after multiplication by z™*! and summation over m, the
exponential transform of the population distribution is bounded by the corresponding transform

weighted by idleness, while the restriction a < 8 keeps the resulting coefficient positive.

Proof of Theorem 2. Fix a satisfying (5). Choose 6§ with 3a < 6 < 0, , then Proposition 9 applies.

Set z = e¥"N and define the finite sums
M M
Fy = szp%, Gy = szj%
m=0 m=0

Multiply (33) by 2™*! and sum from m = 0 to M. Since jév =N pév , the boundary terms at zero
cancel, and
(N —B)zFy = NFyq1 — G

19



Therefore
[N — (N = B)z] F;r = Gupr — N2Mpl ) < G (34)

Now N — (N — 8)e®N — 3 —a > 0. For all sufficiently large N, the coefficient in (34) is bounded
below by (8 —a)/2, while Gjs11 < E[I™Ve®X~] which is uniformly bounded by Proposition 9. Letting
M — oo and applying monotone convergence yields (6). Markov’s inequality gives (7). O

5 Stationary averaging of the idleness contribution

The second part of the stationary argument removes the idleness term from the population generator.
We first show that the true birth rate M{ of the idleness process is close to Nr(Xy) in the
(IN + 1)-weighted sense needed below. We then solve the Poisson equation for the idleness chain
with Xy frozen and use that solution to remove IV — g(Xy) from the stationary generator. We

call this finite-IN solution the corrector.

5.1 Stationary tails of idleness

I

Let pj’N =P, (I N = 4). The idleness process jumps upward through a completion at a one-job

queue and downward through an arrival whenever it is positive. For 0 < j < N, apply Lemma 2 to

Gj(q) = Lisg)<iy-

A completion at a one-job queue leaves this cut exactly when I = j, at rate M{", and an arrival

enters it exactly when I = j + 1, at rate N — 8. No other transition crosses the cut. Hence
I,N
0=Enr, (LNGJ')(QN) = —Eny [MiN]l{Iszﬂ + (N - ﬁ)pj+17

and therefore
I,N
(N - /B)pj+1 =Enry [MlN]l{IN:j}}-

Since M{¥ < N — IV, this identity yields the recursive bound

N
I,N J I,N
pj—&-lSN_ﬂpj . (35)
Lemma 4 (Gaussian-type tail bound for idleness and an o(/N) second-moment bound). There are

constants ¢, C, Ng > 0, depending only on [, such that
P, (IN >L)<CNe /N 0<L<N, N3>N,. (36)

Consequently,

1
NIEWN(IN)Q — 0.

The proof is deferred to Section C.3. It follows by iterating (35) above a fixed level and then
splitting the second moment at N3/4. The prefactor N in (36) does not affect the conclusion because
the estimate is used at L = N3/4, where Ne—¢L*/N = Ne=eN'/?,
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5.2 Idleness-weighted approximation of the one-job queue count

The corrector comparison multiplies the mismatch in the birth rate of the idleness process by IV +1,
so unweighted convergence of MlN /N is not sufficient. The required approximation is
N
M7
N

in an (IV 4 1)-weighted sense. The following identity isolates the two geometric error terms.

~r(Xy)=(2-Xn)T,

Define the aggregate number of jobs beyond level two by
N

HY =3 (QF —2)*.

i=1
For each queue, we have 2 — QY = 2hon gy + Lyon_gy — (QN —2)*. Summing gives 2N — SV =
VN — HN. Therefore Nr(Xy) = (VYN — HN)*. Because M{ = VN — 21V,

|M{Y — Nr(Xy)| < HY + 217 (37)

Thus the discrepancy from the one-job queue count associated with the balanced profile is controlled
by two explicit terms: the aggregate number of jobs beyond level two and twice the number of idle

servers.

Proposition 10 (Idleness-weighted approximation of the one-job queue count). As N — oo,
MN
Ery [(IN +1) ’N1 — r(XN)H — 0. (38)

The proof is deferred to Section C.3. The argument splits according to whether Z < [N1/2].
In the first region, (37) and HY < 2[N'/2]Dy reduce the error to a large perpendicular component
or atypically large idleness. In the complementary region, the error is at most V¥ /N and Propo-
sition 7 applies. The resulting stretched-exponential probability estimate remains negligible after
multiplication by IV + 1.

5.3 The frozen-chain Poisson equation

With the weighted birth-rate approximation in place, we solve the Poisson equation for the idleness
chain with the slow coordinate frozen. The frozen family is used only for > 1; the zero extension
below is a bookkeeping convention and does not define a positive recurrent chain for x < 1.

Fix « > 1. Consider the birth—death generator

A o) = Nr(a) [0(i + 1) — ()] + Nlgisoy [p(i — 1) — (i) (39)

Its birth-to-death ratio is r(x) < 1, and its stationary mean is g(z) = r(x)/(1 — r(x)).

Let h € C((1,00)) and use its zero extension fixed above. Define the global function

0, r <1,
h

ap(z) = x(—x)l’ l<z<?2,
h(z), = >2.



The function A vanishes on a neighborhood of one, so the denominator in the middle expression is
bounded away from zero wherever that expression is nonzero. Each piece has bounded derivative,
and the two nonzero pieces agree at 2 because ap(2—) = h(2) = ap(2+). Hence a;, is bounded and
globally Lipschitz on R, although its derivative need not be continuous at 2. Define

()

i(i +1).

Its same-x increments are

Uy (z,i+1) — Uy(a,i) :—a’}Ef)(Hl), (40)
Un(z,i—1) — Uy(a,i) = “’}E;“)z’. (41)

For x > 1, substitution in (39) yields the exact Poisson equation
ANW  (2,4) = h(z) (i — g(2)). (42)
For z <1, define both sides of (42) to be zero according to our convention.

Remark 2 (Why the corrector is quadratic). For a constant-rate birth-death chain, the generator
maps the quadratic i(i + 1) to an affine function of i. The factor ap(x)/(2N) normalizes that affine
function so that its centered form is exactly h(zx)(i — g(x)). Solving this equation at finite N cancels
the centered idleness term before passage to the stationary limit; the remaining errors come only
from the actual birth-rate mismatch and the 1/N motion of the scaled population.

5.4 Generator comparison and averaging

Lift the two-coordinate corrector to the queue-state space by defining

an(q) = ==,  ¥n(q) =Un(zn(q),1(q)).

At a deterministic state ¢, write
e=an(e), i=1Ia), m=M ().

The pair of coordinate values (z,i) has the following relevant transitions:

1

(z,i) — (a:—i—N,i—l) at rate N — 3, i >0, (43)
1

(z,i) — <x — N’H_ 1> at rate m,
1

(z,i) — <:c N > at rate N —i —m. (44)

If i = 0, an arrival changes x but not ¢; it contributes zero to Wy because ¥y (x,0) = 0.
Relative to the frozen generator, the actual chain has birth rate m rather than Nr(z), death
rate N — 3 rather than N, and slow-coordinate shifts of size 1/N. The corrector estimate separates

the resulting rate-mismatch term from the lower-order error caused by motion of z.
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Lemma 5 (Corrector error). There is a constant Cp g < 0o, depending only on (8 and |lay||Br, :=
|anlloo + Lip(an), where Lip(an) := sup,, lan(z) — an(y)|/|z — yl, and in particular independent of
N, x, i, and q, such that every q € Zﬂy satisfies

m

i 2
(Exim)@) = )i = )| < Cus [+ 1) = vt + 5] (45)

where x = xn(q), i = I(q), and m = MlN(q)

The proof is deferred to Section C.3. The same-z increments (40)—(41) yield the birth-rate and
death-rate mismatch term, while the global Lipschitz bound on aj controls all 1/N-shifts of z by
Ch”@(i + 1)2/]\7.

Proof of Theorem 3. For each fixed N, 0 < I(q) < N for every ¢ and ay, is bounded, so

N+1
”wl\f”oo <

llan|lco < 00
The total transition rate is at most 2NV, and therefore
ILNYN oo < AN[YN[loo < o0
Thus the hypotheses of Lemma 2 hold and
Ery [(Lnyn)(@QY)] = 0.

Evaluate (45) at the stationary state QY and take expectations. By Proposition 10, the expectation
of the first term on its right-hand side tends to zero. By Lemma 4 and EIY = 4,

1
—E(IN +1)? .
N( +1)*—0

The left-hand side therefore yields (8). O

6 Identification of subsequential stationary limits

It remains to identify the tight subsequential limits. Stationary averaging yields the BAR for test
functions supported in (1,00). We then locate the support, exclude an atom at the lower boundary,

and use zero probability flux to identify the unique solution.

6.1 The BAR for subsequential limits

Proposition 11 (BAR for subsequential limits). The family {vy} is tight. Every weak subsequential

limit v satisfies

/(1 | [f"(x) + (g(z) = B) ()] v(dz) =0,  feC((1,00)). (46)
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Proof. Tightness follows from Theorem 2. Let f € C2((1,00)) and extend f by zero to R; the
extension is C® because the support is a positive distance from one. Define the deterministic state

function o (q) = f(S(¢)/N). Applying Lemma 2 to ¢y gives

0=k (V=) (7 (Xv+ ) = £ ) | + B[00 = 1) (1 (30 - ) = sxm )|

Taylor’s theorem gives

L)+ Ryale), |Byae)] < Ml
N N+(2), N (@) < T

/ (:ci }V) fl#) = )+

Multiplying the generator identity by N therefore gives

BN
2N

0= (" - p)reen) + (1 To ) 00|+ o,

Indeed, since IV < N, the absolute contribution of the two third-order remainders is at most

< I loe

= 3N

6N2

Thus Of(N~!) has absolute value at most C /N, where Ct 4 depends only on 8 and the sup

norms of the first three derivatives of f. Because EIV = 3,
E[(IY = B)f (Xn) + f"(XN)] — 0.
Apply Theorem 3 with A = f’ to obtain
E[f"(Xn) + (9(Xn) = B)f (Xn)] — 0. (47)

If vy, = v, the integrand in (47) is bounded and continuous because f’ is supported away from
one. Passing to the limit proves (46) first for C2 test functions and hence, in particular, for C°
test functions. ]

6.2 Support and exclusion of boundary mass

The BAR in Proposition 11 uses test functions compactly supported in (1,00) and therefore cannot
detect mass at the boundary 1. We first locate the support of any subsequential limit. Since the

number of busy servers is at most the total number of jobs,
(N — SNyt <IN,

Together with the flow balance (2), this gives

E(l1- Xyt < % (48)

If Xy, = X,, then (1 —2)" is bounded and continuous on [0, c0), so (48) gives E(1 — X,)™ = 0.

Every weak subsequential limit is therefore supported on [1,00). It remains to exclude an atom at
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one. A pooled M/M/N queue is the natural lower comparison: at equal total population, complete
pooling keeps at least as many servers busy as the JSQ system with one queue at each server. Its
stationary NDS limit lies strictly above one, so stochastic domination rules out boundary mass
for JSQ. Let CV(t) have arrival rate N — 3 and N unit-rate servers, and let C (c0) denote its

stationary population.

Proposition 12 (Pooled M/M /N comparison and boundary exclusion). The pooled system C
and the JSQ total population SN can be coupled so that

cNo)y<SN) = Ny <SN@)  forallt>0.
Consequently, their stationary populations satisfy
CN (o) < SN (0). (49)

Moreover,
CN ()

= 1+ Eg, (50)

where Eg is exponential with rate 3. Therefore, every weak subsequential limit v of vn has no atom

at the lower boundary:

v({1}) = 0. (51)

The proof in Section C.4 couples common arrivals with a rate-N stream of potential service
events. At equal populations the pooled system has at least the JSQ service rate. Its stationary
excess above N is geometric with parameter /N, while its mass below N is O(N ~1/?); weak-limit

preservation of stochastic order then excludes an atom at one.

6.3 Probability flux and uniqueness

With the support and boundary mass settled, it remains to identify the law on (1,00). We use the

following one-dimensional regularity fact; its distributional proof is deferred to Section C.5.

Lemma 6 (Distributional probability flux and density). Let U C R be an open interval, let b be a

locally bounded Borel function, and let p be a locally finite nonnegative measure on U. If

L@+ s @lutan) <0, fecxw), (52)
then p has a locally absolutely continuous density p and there is ¢ € R such that
p'(z) —b(x)p(x) =c for a.e. x € U. (53)

Equivalently, the probability flux J,(x) = b(x)p(x) — p'(z) is constant almost everywhere on U and

equals —c.
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Proposition 13 (Uniqueness of the BAR under the boundary condition). Let v be a probability

measure supported on [1,00) such that v({1}) =0 and
/(1 | [f"(x) + (g(z) = B) f/(x)] v(dz) =0,  fe€OZ((1,00)).

Then v = vg.

Proof. Set b(x) = g(x) — 5. The restriction of v to (1,00) has total mass one. Applying Lemma 6

on U = (1,00) gives a locally absolutely continuous density p and a constant ¢ such that
p'(x) —b(z)p(z) =c for ae. z>1.

For z > 2, b(x) = —f3, so
p(z) = Ae P2 4 c
B
Integrability and nonnegativity on (2, 00) force ¢ = 0. Thus the stationary probability flux bp — p/
vanishes and p’ = bp. The integrable normalized solution of this zero-flux equation was computed in

Proposition 2; hence p = pg and v = vg. O

6.4 Completion of the baseline stationary results

Proof of Theorem 4. By Proposition 11, {vy} is tight and every subsequential limit satisfies (46).
Such a limit is supported on [1,00) by (48) and has no atom at one by (51). Proposition 13
therefore identifies every subsequential limit as vg. Tightness then implies convergence of the full

sequence. ]

Proof of Corollary 1. For each fixed N, Lemma 14 gives convergence of QY (t) to my in total
variation from every initial law. Hence the steady-state-then-many-server limit is Theorem 4. Under
the balanced initialization of Theorem 1, the many-server limit at each fixed time is the diffusion (3);

Proposition 2 then sends that diffusion to v as time tends to infinity. O

Proof of Corollary 2. Apply Lemma 13 to the weak convergence in Theorem 4 and the uniform

exponential-moment bound in Theorem 2. ]

6.5 Stationary identification with abandonment

The stationary abandonment proof retains the baseline BAR and zero-flux identification, with
abandonment-specific compactness and averaging estimates. The stochastic domination in Proposi-
tion 3 yields the inherited exponential-moment and maximum-queue bounds in Lemma 17, while
Lemma 21 provides the required first- and second-moment control of idleness. For marked deficit
excursions, Proposition 18 replaces the baseline upward rate by N — K + ~ against downward rate
N — [, so subcriticality requires K > 8+ v and has margin K — § — 7. These estimates yield the

idleness-weighted approximation of the one-job queue count in Proposition 19. The finite-N Poisson
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equation is unchanged; on the relevant compact population sets, its additional abandonment contri-
bution is bounded by a constant times (1Y 4-1)2/N? and is negligible by Lemma 21. Consequently,
Proposition 20 establishes stationary stochastic averaging, and Proposition 21 gives the BAR for
every subsequential stationary limit. Finally, Proposition 22 supplies the pooled M /M /N + M
comparison and its stationary limit, while Proposition 23 excludes boundary mass and identifies the

unique zero-flux limit.

Proof of Theorem 6. Tightness follows from Lemma 17. By Proposition 23, every weakly convergent

subsequence has the law of Xg . as its limit. Therefore the full sequence converges, proving (15). [

7 Diffusion limit with abandonment

The goal of this section is to prove the NDS diffusion limit with abandonment in Theorem 5. The
proof has two parts. We first localize the normalized population to a compact subinterval of (1, 00)
and establish the finite-horizon occupancy-profile estimates needed to average the idleness process;
this part culminates in Proposition 16. We then combine that averaging result with the population
martingale decomposition to identify the stopped diffusion in Proposition 17. Finally, Lemma 10
removes the localization boundaries and completes the proof of Theorem 5.

Fix T <o0,0<n<1,and R > 2, and define

" = int{t € [0,7]: XN(t) ¢ (L+ 0, R)} AT

Unless stated otherwise, the process estimates below are stopped at T]T\][’R.

7.1 Localized occupancy-profile estimates and averaging

The deficit process provides the excursion coordinate used to control the fast idleness dynamics.
Lemma 7 gives its exact rates under abandonment, while Lemma 8 bounds the number of relevant
excursion starts on the accelerated horizon. Together, these results allow geometric excursion-height

probabilities to be union-bounded over the entire original-time interval [0, NT7.
Lemma 7 (Deficit dynamics with abandonment). Let
VN = 2Ny
At every state,
VN VN4 at rate M7 + <1 + %) M7, (54)
vy 5y N at rate N — 3, VN > 0. (55)

The process Zév"y can increase only when VN = 0. On the set {Zév’7 > K}, the upward rate in
(54) is at most
b}V,K:N—K—i-’y. (56)
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Lemma 8 (Excursion-start compensators). Let CN () count transitions IV : 0 — 1 by original
time t. For an integer K, let C"]/YK(t) count transitions VY : 0 — 1 whose post-jump state has
Zév 7> K. Their predictable intensities are, respectively,

Do y—oy M7 (t-), (57)

Y N,
Ly my0, 2V (1—)5K) (1 n N) WVARICESY (58)

Consequently,
CY(NT) = Op(N?),  Cyi(NT) = Op(N?), (59)

uniformly over K. More explicitly, the two counts are stochastically dominated by Poisson random

variables with means N*T and N(N + )T, respectively.

On {Zév "Y' > K}, the deficit process has upward rate at most N — K + ~ against downward rate
N — j3, and hence subcriticality margin K — 3 — . Since only Op(NN?) relevant excursions can begin
before original time NT', the detailed excursion estimates control the probability that any such
excursion reaches a large threshold. The first consequence is the following localized approximation

of the fraction of queues containing exactly one job.

Proposition 14 (Stopped state-space-collapse estimate for one-job queues). For every fixed T, R,n

as above,
M (NY)

5 — (XM S o. (60)

sup

thlr\',’R

The unweighted approximation in Proposition 14 is not sufficient for the Poisson-equation
argument, because the corrector increments grow with the number of idle servers. The next result

provides a logarithmic bound on idleness and the corresponding idleness-weighted approximation.

Proposition 15 (Logarithmic idleness bound under localization). For every fized T, R,n, there is

a constant ¢, < 0o such that

P( sup IV (Nt)>c,logN | — 0. (61)
t<T]T\],’R

In particular, the stopped supremum is Op(log N'). Moreover,

MNY(Nt
My (NY) 2o (62)

N o rXTw)

sup (IV7(Nt) +1)

n,R
<7y

The weighted error in (62) is the leading term in the comparison between the true queueing
generator and the frozen idleness generator. The finite-N Poisson equation therefore gives the

process-level averaging estimate needed to identify the population drift.

Proposition 16 (Stopped averaging via the Poisson equation). For every fized T, R,n,

sup 5o. (63)

t<T /0 K [INW(NS) - Q(XN’W(S))} ds
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The proofs of Lemmas 7 and 8 and Propositions 14 to 16 are given in Section D.2. In the idleness
argument, the process is stopped at the first time the subcritical birth-rate bound ceases to hold, so
the birth—death comparison remains adapted. In the Poisson-equation argument, a decomposition

by jump type shows that the corrector martingale has predictable quadratic variation op(N?).

7.2 Localized diffusion identification and removal of localization

Define
by(z) =g(x)—B—~(x—-1), x>1

By Propositions 15 and 16, the stopped population drift is asymptotically b,. It remains to identify
the population martingale jointly with the initial state and stopping time, identify the limiting
first-exit time, and show that the localization boundaries are asymptotically irrelevant.

The next lemma gives the first-exit regularity required for convergence of the stopping times.

Lemma 9 (First-exit crossing and exit-time continuity). Fiz T > 0 and 1 < { < u < oo, and let
Y be a continuous adapted solution of dY (t) = b, (Y (t))dt + /2 dB(t) up to its first exit from an
open neighborhood of [¢,u], where B is Brownian with respect to a filtration containing Y (0). For
z € C0,T), set

Tou(2) =1inf{t € [0,T]: 2(t) & (L,u)} AT, inf @ = oc.

IfY(0) € (4,u) and 14,(Y) < T, then, almost surely, for every € > 0 there is s € (1p4,(Y), T¢u(Y) +
e)N[0,T] with Y (s) & [¢,u]; if Y(0) € {¢,u}, the same statement holds with s € (0,¢) N [0,T]. At
every continuous path with the corresponding first-exit property, the capped exit-time functional is

continuous under uniform convergence on [0,T)].

With the first-exit map controlled, joint tightness and the martingale problem identify the

stopped limiting process.

Proposition 17 (Localized C-tightness and identification). For every fited T' < oo, 0 < n < 1, and
R > 2, the stopped processes

XpR ey =xN@Eap,  o0<t<T,

are C-tight. Every subsequential limit is the absorbed solution

X] p(t) = X(0) + V2B(t A 1) + / . by (X7 pl(s)) ds, (64)
0

where B is Brownian with respect to the joint limiting filtration and is independent of X (0). Here
18 s the first exit from (1 +n, R), capped at T; if X(0) ¢ (1 + n, R), then 7% = 0 and the
solution is absorbed at its initial value. In particular, the stopped limit is unique in law and the

entire stopped sequence converges.

The localized result must next be extended to the full state space. The following lemma controls

escape through both localization boundaries and yields C-tightness of the unstopped processes.
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Lemma 10 (Compact containment and removal of localization). For every T < oo,

lim lim limsupP [ inf XM () <1429 or sup XV (#) >R | =0. 65
nl0 Rfoo N%oop <0§t§T ()= 7 ogth )= (65)

Consequently, the full sequence {)?N’V} is C'-tight on every compact time interval.

The detailed proof first establishes joint tightness of the initial state, stopped population,
extended martingale, and exit time; see Lemma 19. A martingale-problem argument in the joint
limiting filtration then identifies the limiting driver as a Brownian motion independent of the initial
state; see Lemma 20. Lemma 9 identifies the limiting exit time, and Lemma 10 removes localization

in the order N — 0o, R 1 oo, and n | 0. These results complete the proof of Theorem 5.

Proof of Theorem 5. By the C-tightness conclusion of Lemma 10, every subsequence has a further
subsequence converging in C[0,T]. It remains to identify an arbitrary subsequential limit.

Fix 0 <n <1 and R > 2, and apply Proposition 17 with upper boundary 2R. On the event

L, T e £ <)
the full process and the process stopped on leaving (1 + 7, 2R) agree on [0,7]. By Lemma 10, the
probability of the complementary event can be made arbitrarily small by taking N — oo, then
R 1 o0, and finally 7 | 0.

By Proposition 17, the stopped processes converge to the absorbed solution of (64). The
boundary classification established in the proof of Proposition 4 shows that the candidate diffusion is
nonexplosive and does not reach the lower endpoint. Hence its paths stopped on leaving (1 + 7, 2R)
converge uniformly on [0, 7] to the global solution as R 1 oo and 1 | 0. Hence, every subsequential
limit solves (13) on [0, 7.

The drift by is locally Lipschitz on (1, 00). Local pathwise uniqueness on an increasing sequence
of compact subintervals, together with the boundary classification and nonexplosion, therefore
gives global pathwise uniqueness. The limiting law is unique, and (12) follows on [0, 7. Since T is

arbitrary, the convergence holds uniformly on compact time intervals. O

8 Conclusion and outlook

We have established steady-state validity of the NDS diffusion approximation for the stationary
marginal of normalized total population in the JSQ system with one queue at each server. In
the baseline model, this marginal converges to the invariant law of the Gupta—Walton diffusion,
the two iterated limits agree, and stationary moments converge. For the abandonment model, we
proved the normalized-population diffusion limit from balanced initial queue lengths and, separately,
convergence of the finite-system stationary normalized populations. Marked excursions provide the
stationary occupation bounds, while a finite- NV Poisson equation removes the centered fast variable

from the stationary generator.
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The explicit invariant laws give a scalar equilibrium description of congestion in the NDS regime.
Since stationary idleness is of order one, the normalized number of waiting customers has the same
limit as the normalized population minus one. With abandonment, the stationary mean aggregate
abandonment rate therefore converges to YE(Xg, — 1). The abandonment parameter leaves the
singular lower-boundary behavior and diffusion coefficient unchanged, but adds a linear mean-
reverting drift; the resulting limiting invariant density has Gaussian-type rather than exponential
upper-tail decay.

The analysis assumes Poisson arrivals, exponential service and patience, and homogeneous
servers. It does not establish convergence of the stationary occupancy profile or waiting-time
distributions, rates of convergence, a joint N-and-time limit, uniform mixing, or stationary process-
level convergence. Extending the framework requires a suitable auxiliary excursion coordinate,
control of the frozen fast process, and, for more general process initializations, explicit initial-layer
estimates. General service or patience distributions require augmented, generally measure-valued
state descriptors; server heterogeneity and limited-information routing require new state-space-

collapse and occupation-time estimates.
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Appendix

The appendix contains the auxiliary arguments and detailed proofs deferred from the main text.
Appendix A records common lemmas and fixed-system foundations, Appendix B supports the
marked-excursion analysis in Section 3, Appendix C supplies the remaining technical proofs for the
baseline stationary analysis, and Appendix D contains the technical proofs for the abandonment

results.

A Common auxiliary lemmas and fixed-system foundations

Lemma 11 (Ergodicity through a skeleton chain). Let Y be a time-homogeneous Markov process
with invariant probability measure . Suppose that, for some h > 0, the h-skeleton is ¥-irreducible,
aperiodic, and positive Harris recurrent. Then

| Law, (Y'(t)) — 7||lrv — 0, t — o0,
for every initial state y, and hence from every initial law.
Proof. The aperiodic ergodic theorem for the h-skeleton gives total-variation convergence at times

nh. Write t = nh + s with s € [0, k). Invariance of 7 and contraction of total variation under a

Markov kernel give
1P (y, ) — mllrv < (| Pan(y, ) — 7l
Integration with respect to an arbitrary initial law proves the final assertion. O
Lemma 12 (Scale-speed classification and ergodicity). Let D = (¢,r) and let b be locally Lipschitz
on D. Consider
dY (¢) = b(Y (t)) dt + V2 dB(t),
up to its first exit from D. Fix xo € D and define

@ =ew{- [, m-

0

o r r
/ §'(z)dx = / s'(x) dz = oo, / m(z)dz < oo,
V4 o 14

then the solution is nonexplosive and positive recurrent, with unique invariant density m/ | pm. If

s'(x)
If

its tramsition kernel has a strictly positive density on D, then its law converges to the invariant law

in total variation from every initial law supported on D.

Proof. The scale-function hitting formula and the two divergent scale integrals make both endpoints
inaccessible. Finite total speed measure then gives positive recurrence and invariant measure
proportional to m(z)dxz by the standard scale—speed classification for regular one-dimensional
diffusions. A strictly positive transition density makes the time-h skeleton, for any h > 0, irreducible
and aperiodic. The invariant probability measure makes that skeleton positive Harris recurrent, so

Lemma 11 gives total-variation convergence and uniqueness. ]
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Lemma 13 (Moment convergence from exponential integrability). Let Y,, > 0 and suppose that
Y, =Y and, for some a > 0 and ny,

sup Ee™" < oo.
n>ng

Then, for every integer k > 1 and every 0 < n < a,
EYY — EY* — Ee™" — Ee.

Proof. For each k, 2% < Cy 4%/ on [0, 00), so0 {Y;¥ : n > ng} is uniformly integrable. For 0 < 7 < a,
choose p > 1 with pn < a; then {e"" : n > ng} is bounded in LP and hence uniformly integrable.

Weak convergence and the continuous mapping theorem complete both limits. O

Lemma 14 (Fixed-system ergodicity). For every fived N > 3, both QV and QN converge in total

variation to their respective stationary laws from every initial law.

Proof. The two chains are irreducible, nonexplosive, and positive recurrent by Propositions 1 and 3.
For either model, every prescribed finite transition path has positive probability of occurring during
one unit of time with no other effective mark, so the time-one skeleton is irreducible. The probability
of no effective transition during one unit of time is positive at every state, so the skeleton is aperiodic.

Its invariant probability measure makes it positive Harris recurrent, and Lemma 11 applies. O

A.1 Fixed-system recurrence, moments, and stationary identities

Proof of Proposition 1. From any state there is positive probability of enough service completions
and no arrivals to reach zero. Conversely, from zero, N max; ¢; arrivals with no service fill all queues
to the common level max; ¢;. A prescribed sequence of completions can then reach any target ¢, so
the chain is irreducible.

For positive recurrence, set Wa(q) = >, ¢?. An arrival changes W» by 2m(q)+1 and a completion
at queue ¢ by —2¢; + 1, so

LyWa(q) = An(2m(q) +1) —25(q) + N — I(q) < _%S(Q) +2N - 3.

The norm-like function W, therefore has strictly negative drift outside a finite set. The continuous-

time Foster criterion gives positive recurrence (Meyn and Tweedie, 1993, Chapter 4). ]

Proof of Lemma 1. Fixany 1 < z < N/(N—/) and put ®,(g) = ), 2%. Since an arrival contributes
(z —1)2™@ and completions contribute —(1 — z=1)(®, — 1),

eve@) < G- 1) (S50 - D)o@ 4 N - ) = e+ N1 )

for some ¢, > 0. Geometric Foster-Lyapunov theory gives (1); for fixed N, every polynomial in SV

is bounded by a constant times 1 + ®,. O
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Proof of Lemma 2. Integrability follows from Lemma 1. Start in stationarity and stop at 7, =
inf{t : SV (t) > m}. Before 7,,, the state space is finite, so Dynkin’s formula applies. If N4 (¢) is the
arrival count, then

sup SN(S ATm) < S’N(O) + Név(t),
s<t

whose moments of every order are finite independently of m. The growth bound permits dominated

convergence as m — 00, giving
EF(QY(t)) - EF(QV(0)) = E /0 (LxF) QY (s)) ds.

Stationarity makes the left side zero and the right side tE(LyxF)(Q™N). O

B Marked-excursion construction and auxiliary occupation esti-

mates

B.1 Marked excursions and compensators

We realize the process on the canonical two-sided path space D(R, Zf ), equipped with the Borel
o-field generated by the coordinate maps and the stationary law of the coordinate process Q”. For
s € R, the time shift is Ysw(t) = w(t + s). We use the completed right-continuous natural filtration
and suppress the superscript N throughout this subsection. Since the total jump rate is at most
2N, every sample path has only finitely many jumps on compact time intervals.

The irreducible positive recurrent chain is ergodic under its stationary law, and 7n ({(2,...,2)}) >
0. Applying the ergodic theorem to the indicator of this state on the positive and negative half-lines
shows that {V = 0} is visited at arbitrarily large positive and negative times almost surely. Together
with local finiteness of the jump times, this implies that every time with V' > 0 belongs to a unique
finite excursion away from zero.

For a deterministic state g, P, and E, refer to the original chain started from g. The notations ]E?/
and ]E? denote Palm expectation for =y and Zj, respectively; the generic notation E° in Lemma 15
applies to whichever stationary point process is under discussion. Palm expectation is used only
to average post-jump marks, while all Markov estimates below are uniform deterministic-state
estimates under the original laws IP,. Here ¢; is the unit point mass at ¢, and under Palm indexing
the distinguished point is at time zero.

The following lemma packages the general Palm and birth—death facts used in the excursion

estimates.

Lemma 15 (Palm identity and birth-death estimates). (a) Let Z =), d1, be a stationary sim-
ple point process of finite intensity ¢, and attach nonnegative shift-covariant profiles Yy (u) that
vanish for uw < 0. If G(t) = >, Yi(t — T}), then

EG(0) = (E° /0 h Yo (u) du,

with the value 0 when + = 0.
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(b) Let Y be an adapted nonnegative integer-valued unit-jump process with Y (0) = i > 0, let
T <79 :=inf{t: Y (t) = 0}, and suppose on [0,T) that upward jumps occur at predictable rate
at most b, downward jumps at rate d, and other jumps do not change Y. If 0 < b < d, then

i? (b+d)i
d—b) 2d—b2

E[ YOk <R, Fal) -

In particular, Fy4(1) = d/(d — b)?.

(c) If, from Y (0) = 1, the process is stopped on first hitting 0, L, or an additional killing set, with

upward rate at most b < d and downward rate d, then
P(Y reaches L before being stopped) < (b/d)*~,

The proof is given in Section B.2. The Palm excursion proposition in the main text states the
point processes, exact compensators, reward decomposition, and reward estimates. Figure 1 records

the endpoint conventions used in that statement.

Proof of Proposition 5. All assertions are on the canonical two-sided realization above. Local
finiteness of the jump times makes =y and =; simple and locally finite. Their definitions commute
with every time shift ¥, so stationarity of the coordinate process gives stationarity of both point
processes.

For measurability, the events {7(c) — o > u} and {x(¢) — ¢ > u} are determined by the path
on [o,0 + u] and may be checked at rational times together with the endpoint. Thus 7 and x are
measurable hitting-time functionals. The containing start o(«) is the last locally finite marked start
preceding o whose terminal time has not occurred, so it and 77(«) are measurable. Evaluation of

the cadlag coordinate path at these times gives joint measurability of the profiles. The identities

5\/(195&)) = gV(w) - S, Tﬁsw<g - 3) = Tw(U) - S, Xﬁsw(a - 5) = Xw(0> - S,

Er(Wsw) = Er(w) — s, Tr9.w(a—8) =Tru(a) —s

prove shift covariance of the point processes and marks.

Formula (22) depends only on the strict past. Its endpoint conventions make it left-continuous:
the indicator is zero at the starting jump, remains one through a jump that first reaches L or
terminates the marked excursion, and becomes zero immediately afterward. Hence 'k 1, ©y, and
Oy are predictable. When V(t—) = 0, one has I(t—) = M(t—) =0, and a jump V : 0 — 1 is
exactly a service completion from a two-job queue. Its rate is My(t—) and it leaves Z3 unchanged,
giving Ay. On {©7 = 1}, a service completion from a one-job queue is exactly a transition 7 : 0 — 1
whose post-jump deficit remains below Lj; its rate is M;(t—). Conversely, every point of =y is
such a completion, giving A;. On {Oy = 1}, My = N — Z3 < N — K, while on {07 = 1},
M; <V < L—2< L. The exact compensators in (23) therefore imply finite intensity and (24).

To prove (25), fix a nonjump time ¢. If I(t) = 0 or Z3(t) < K, both sides vanish. Otherwise

t belongs to a unique finite V-excursion with start . Because Z3 cannot increase while V' > 0,
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one has Z3(0) > Z3(t) > K,so 0 € &y and t < 7(0). If t < x(0), the current positive I-excursion
has a unique start o € &7, and exactly Ry °(t — «) equals I(t). If t > x(o), all pre-hit profiles have
ended and exactly RE**(t — o) equals I(t). The half-open definitions allocate the first hitting time
to the post-hit profile and exclude the terminal time. Termination through V = 0 gives I = 0, while
termination through Z35 < K makes the indicator on the left zero. This proves the pathwise identity
away from the locally finite jump set. The Palm identity in Lemma 15(a) then gives (26).

Both point processes are predictable thinnings of the Markov-chain jump measure. Their
successive points after a deterministic time are stopping times. Conditional on the post-jump state
at such a point, the strong Markov property gives the original future law P;; disintegration of the
Palm law changes only the distribution of ¢q. For a pre-hit I-excursion, the post-jump state has
I =1,V < L, and Z3 > K. Until its stopping time, the upward rate of I is M; <V < L and
its downward rate is N — 5. The deterministic-state estimate in Lemma 15(b), uniform in the
post-jump state, proves (27).

For a marked V-excursion started from any post-jump state ¢ with V(¢) = 1 and Z3(q) > K,
the upward rate of V' before 7 is at most N — K and the downward rate is N — 5. Part (c) of
Lemma 15 gives (28). On {x < 7}, unit jumps imply V' (x) = L. From every possible hitting state
¢ with Z3(¢') > K, the inequality I < V/2 and part (b) give (29). The strong Markov property at
x yields /

E, []I{X<T} /X I(t) dt} <Py(x <7) sup_L Ey /0 I(t)dt.

q:V(d)
Z3(¢") > K

Conditioning under E(‘), on the post-jump state proves the claimed post-hit integrability. No

independence under the Palm law is used. ]

B.2 Proofs for the excursion estimates

Proof of Lemma 15. For part (a), if © = 0 the point process is empty almost surely. Otherwise,

stationarity, Tonelli’s theorem, and the refined Campbell formula (Baccelli and Brémaud, 2003) give

1 1 00
EG(0) :]E/ G(t) dt:L/EO [/ Yo(t — s) dt] dS:LEO/ Yo (u) du.
0 R 0 0
For part (b), a direct calculation shows, for i > 1,
b(Fya(i+ 1) — Fpa(i)) + d(Fpa(i — 1) — Fpq(i)) = —i.

The function Fj 4 is increasing, so replacing b by a smaller predictable upward rate only decreases
its drift. Apply Dynkin’s formula after stopping additionally at a deterministic time 7" and at
7Y =inf{t: Y(t) > m}. This gives

TATATY,
E/ Y(t)dt < Fb,d(i)-
0
Letting first m — oo and then T' — oo, monotone convergence proves the claim.
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For part (c), the case b = 0 is immediate. Otherwise put z = d/b > 1. Before stopping, the
predictable drift of z¥(® is

bz (2= 1) +dY )7 —1) = 2V (2 = 1)(b — b) < 0.

Thus the stopped process is a bounded supermartingale. If py is the probability of reaching L,
optional stopping yields z > przX + (1 — pr) and hence py, < 2=~ =

Proof of Proposition 7. The marked V-excursions have intensity vy < N — K < N; we use the
latter bound to retain the simpler expression in (31). Start the original chain from any possible
post-jump state ¢ with V(¢) = 1 and Z3(q) > K, and let

T, = inf{t : V(t) > v}, Tk =inf{t: V(t) =0 or Z3(t) < K}.

By Lemma 15(c),

N - K v—1

On {T, < Tk}, unit jumps give V(73,) = v. To bound the remaining duration uniformly, start
instead from any state ¢’ with V(¢’) = v and Z3(¢') > K, and set 7, = inf{t : V(¢t) > m} for m > v.
Before T,

(LnV)(Q() = B = I(t) = Z3(t) < —(K = B).

Dynkin’s formula at T AT A T, gives
0< Eq/V(TK ANT A Tm) <v-— (K - B)Eq’[TK ANT A Tm].

Letting first m — oo and then T" — oo yields

v

sup E /TK < .
AT LR S
Z3(q') 2K
The strong Markov property at T, used conditionally rather than as an independence assertion,

now gives

Eq [Lir,<ry(Tx — T)] = Eq [Lyr, <1} B Tk |
< Pq (Tv < TK) sup Eq/TK

q:V(q)=v
Z3(q") 2K

v <N—K>”_1
<

where the inner Ty is the exit time for the restarted chain. Attach to each marked excursion the

indicator profile of the interval from its first hit of v until its exit time Tk . This profile dominates
the occupation of {V > v, Z3 > K} within that excursion. Campbell’s formula, conditioning under
E[‘)/ on the post-jump state and using the uniform deterministic-state bound above, together with
ty < N, proves (31). O
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C Technical proofs for the baseline stationary analysis

C.1 Invariant law and ergodicity of the limiting diffusion

Proof of Proposition 2. Write b(z) = g(x) — 8. With normalization at two, the scale and speed

densities are
e(1+8)(z—2)

s'(x) = z—1
6'8(33_2), x> 2,

, 1<z <2, 1

The scale integrals diverge at both endpoints, while

0o 2 0
/ m(x)dr = / (z —1)e”1HAE=2) 4y +/ e P2 dg < 0.
1 1 2

The nondegenerate constant diffusion coefficient gives a strictly positive transition density on the
interior. Thus Lemma 12 gives nonexplosion, positive recurrence, uniqueness, and total-variation

ergodicity. The invariant density is proportional to m, and

—1
> _BA+B)?
which yields (4). O

C.2 Auxiliary proof of the uniform exponential-moment bound

Proof of Proposition 9. Fix x, > 2. By Proposition 8, after increasing N,
Jn(zs) < CoN~Y2 N > Ny. (66)

Choose ¢4 so that ) )
—— * a0 67
0—a S 2a (67)
which is possible because 3a < 0, and set fn = ¢, log N. Increase Ny so that £5 > x, for every
N > Ny.

For every nonnegative random variable X,
X
X = 1—|—a/ e dzx.
0
Multiplying by IV, taking expectations, and using Tonelli’s theorem gives
oo
E[INeXN] = 3 + a/ e In(z) dz. (68)
0
Split the integral at x, and £y. On [0, ], use Jy(z) < EIY = 5. On [z, £y], monotonicity

and (66) give a bound of order
N*l/QeaéN — N71/2+ac*
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which is uniformly bounded by the upper inequality in (67). Finally, (18) gives
JIn(x) < ki Ne %%
Hence the integral over [(y, 00) is bounded by a constant times

Ne—(@—a)ZN — N1-¢ (6—a) ’

which is uniformly bounded by the lower inequality in (67). Substitution in (68) proves the
proposition. O
C.3 Auxiliary proofs for stationary averaging

Proof of Lemma 4. Let jo = [28] V 1. For jo < j < N and all sufficiently large N,

N=j_ =8 _ -ijem,
N-p5 N-p5

Hence, for j > jo, iterating (35) yields
IN _ IN —cj2
Py < pjexp ——Zk < Cem /N,

for constants ¢, C' > 0 independent of j and IV; the finitely many levels below jy are absorbed by
increasing C'. Summing the bound over j = L,..., N and decreasing c if needed proves (36). Taking
L = N3/% in that estimate, and using IN < N and EIVN = 3, gives

E(IV)2 < N¥EIN + N2P(IN > N3/%) < BN3/4 4 ON3e=eN'/?,
Dividing by N proves the result. O

Proof of Proposition 10. Set

~ MN
Ky = {Nl/zw’ Sy = N~1/4 AN:’A}_T(XN)‘-
We first prove that
P(Ay > dy) < CNe N (69)

for suitable constants ¢, ¢/, C > 0.
On {Z{ < K N}, at least one queue has length at most two. Hence Xy < 2+ Dy. For every
queue with length at least three,

QY —2<(QY — Xn) + (Xn —2) < 2Dy.
Thus

HNSQI?NDN on {Zév<f(/—]v}.
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By (37), on this event

K 21N
Ay < 2KND]1\\;+ .

If Ay > 0y, then either

oNN
DN>foNl/4 or IV >
Ky

LNN = N3/4,

The probabilities are stretched-exponentially small by (17) and (36).
On {Z{ > Ky}, both MY and (VN — HV)* lie in [0, VV]. Therefore

VN

Apply Proposition 7 with K = Ky and v = [6yN]. The right side of (31) is bounded by a
polynomial in N times e~V % This proves (69).

Finally, 0 < MV /N <1and 0 <7(Xy) <2,500< Ay < 2; also IV < N. Splitting according
to {Anx < dn} gives

E[(IY + 1D)AN] < On(EIN +1) +2(N + DP(Ay > 0n) < (B+ 1)N"V4 4 0o(1),
which proves (38). O

Proof of Lemma 5. Fix ¢ € Z%, retain the deterministic values x = xx(q), i = I(q), and m =
M3 (q), and put 6 = 1/N. Using (43)-(44), split each transition into a same-x increment and an

x-shift. The same-z part of the actual generator is
(N = B gsoy [¥n(2,i = 1) = Un(z,0) ] + m[Un(2,i+ 1) — Uy (z,i)],

where the two increments are given by (40)—(41). Subtracting the frozen same-z generator gives

ap(x)t ap(x)(t+1
Its absolute value is bounded by
4 m i+1)?
Chz [(z—i—l)‘N—r(x)‘—i—( N) } (70)

It remains to control the z-shifts. Since ap, is Lipschitz,

, , Chp ., .
(U (w4 6,5) = Un ()] < 575 +1).

The total rate of all transitions is at most 2N, and the shifted indices are among ¢ — 1,7,7 + 1.
Hence all z-shift terms are bounded by C, 5(i + 1)?/N. Combining this with (42) and (70) proves

the lemma. 0
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C.4 Comparison with the pooled many-server queue and boundary exclusion

Proof of Proposition 12. Couple the two systems using common arrivals and a rate-N Poisson
process of potential service events. At each potential service event, draw a uniform mark U on
[0, N]. The pooled system completes a service when U < min(C, N), whereas the JSQ system
completes a service when U < N — IV, Conditional on a JSQ departure, use a second independent
mark to select a busy queue uniformly. Each busy JSQ queue then receives service at rate one.
Suppose that CV = SV immediately before a potential service event. Since the number of busy
JSQ queues cannot exceed either SV or N, we have N — IV < min(S¥, N) = min(C", N). Thus,
whenever the JSQ system departs at equality, the pooled system also departs. When CV < SV the
two populations differ by at least one, and their unit jumps cannot reverse the order. Common

arrivals also preserve the order. Hence
cN)<sN0) = cNu)<SN({t) forallt>0.

Starting both systems empty and letting ¢t — oo gives (49).
It remains to establish (50). Set py = (N — §)/N = 1 — 3/N. The stationary birth-death
probabilities of the pooled M /M /N system satisfy

B(CN(00) = N + ) = B(CN (o) = N)oly, 52 0.

Therefore, conditional on CV(00) > N, the excess CV(c0) — N is geometric on Z, with success
probability 8/N. For every x > 0,

P(CN(OO)—N

>
N T

CN(x0) >N | = ,OLNQCJJrl —s e P
N

Below level N, the stationary probabilities are proportional to those of a Poisson random variable

with mean N — 3. Hence, relative to the stationary mass at NV, the total mass below N is

P(Pois(N — ) < N — 1)

P(Pois(N — ) = N) O(VN),

where the estimate follows from Stirling’s formula. By contrast, the stationary mass at and above
N, again relative to the mass at NV, is D ;5 pn =1/(1 = pn) = N/B. It follows that

P(CN(c0) < N) = O(N~V/?) — 0.

Combining this with the conditional geometric limit gives (CV(c0) — N)/N = Eg, and hence (50).

Now let vy, = v, and let X, have law v. For every bounded increasing continuous function ¢,

(49) gives Eo (CN];(:@) <Ep (SNJk\f(f)) '

Using (50) and vy, = v on the two sides yields

Ep(1+ Eg) < Ep(Xy).
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Bounded increasing continuous functions characterize stochastic order, so 1 + Eg <4 X,. Conse-

quently, for every n > 0,
P(X, =1) <P(X, <1+n) <PA+Es<l+n) =1-¢

Letting n | 0 yields v({1}) = P(X, =1) = 0. O

C.5 Distributional probability flux and density

For a distribution T', (T, ¢) denotes its action on a test function and DT its distributional derivative.
For an interval U, W (U) is the Sobolev space of L'(U) functions with weak derivative in L*(U).
We use “a.e.” for Lebesgue-almost everywhere, K € U for compact containment, |K| for Lebesgue
length, and ||b||sc,x for the essential supremum of |b| on K. Convolution with functions or locally

finite measures is denoted by .

Proof of Lemma 6. Regard u as a distribution and set T' = Du—bu. Equation (52) gives (T, f') = 0.
Because U is an interval, every ¢ € C°(U) with zero integral has a compactly supported smooth
primitive in U. Thus T" annihilates every such . Choose 1 € C2°(U) with fU 1 = 1. For arbitrary
@ € C°(U), the function ¢ — ([;; ¢)¥ has zero integral, and hence

(T, ) = C/Ugo(x) dz, c:=(T,1).

Therefore T' = ¢ dx, or equivalently
Dy = bu+ c dz. (71)

To identify a density, fix nondegenerate compact intervals K € K’ € U. Choose a nonnegative
p € C((—1,1)) with [ p =1, set p-(z) = e 'p(x/e), and take 0 < & < dist(K,R \ K’). In the
following convolutions, restrict u and bu to K’ and extend those finite measures by zero to R. For
x € K, the support of p.(z — ) lies in K’, so the local distributional identity (71) gives, with
Pe = pe * 4,

P = pe* (bp) + ¢ on K.
Consequently,
Iy < (K), lIpellaay < Iblloo, (K7 + ] 1K

Thus {pc} is bounded in W1!(K°), and hence in BV (K°). The one-dimensional compactness
theorem for bounded sets in BV gives relative compactness in L'(K). Along a sequence &, . 0, let
pe, — px in LY(K). On K°, the measures p., (v) dx converge vaguely both to pg(r)dr and, by
the approximate-identity property, to u. Hence p = px dx on K°.

Applying the same argument along an exhaustion of U by compact intervals gives local densities.
On overlaps they agree almost everywhere because they represent the same measure, so they patch

to a single p € L (U) with g = pdz. Substitution in (71) gives

loc
Dp = (bp+c)dx
locally on U. Since the right-hand side is locally integrable, p has a locally absolutely continuous

representative and satisfies (53) almost everywhere. O
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D Technical proofs for the abandonment results

The proof is organized around five structural steps: a finite-system order construction, finite-horizon
control of the occupancy profile, stopped diffusion convergence and localization, stationary stochastic
averaging, and boundary identification. Each rate affected by abandonment is retained explicitly,
while results from the preceding analysis are invoked only after their hypotheses have been verified

under the abandonment dynamics.

D.1 Order-preserving construction and finite-system consequences

Lemma 16 (Order preservation by the transition maps). Let x,y € Zf be nondecreasing and

satisfy x; < y; for everyi. Define
A@)=(z+e)!,  Di@) = (z—Tgoner), 1<E<N.

Then
A(z) 2 A(y),  Di(z) 2Dk(y), 1<k<N.

Moreover, decreasing any single coordinate of x by one and resorting produces a vector dominated

by y.

Proof. If u; < v; for every i, then uzT < UZT for every ¢; this follows, for example, by comparing the
number of coordinates exceeding each integer threshold. Since z + e; < y + €1 coordinatewise, the
assertion for A follows after sorting.

For the service map, put

T =z — L o€k, y=y—Ly>oen

For coordinates other than k, the original order is unchanged. At coordinate k, if 2 = O then
T =0 <7y if x5 > 0, then yr > 0 and xx — 1 <y — 1. Thus z < y coordinatewise, and sorting
proves the claim. Finally, decreasing a coordinate of x gives a vector coordinatewise dominated by

x, before sorting, and hence dominated by y after sorting. O

Proof of Proposition 3. We first construct the two sorted processes on one probability space. Arrivals
are generated by a common Poisson process of rate N — 3 and apply the map A to both systems.
Potential-service marks form a common Poisson process of rate N; each mark carries an independent
rank, uniform on {1,..., N}, and applies Dy to both systems. This is the correct sorted-state
representation because choosing a uniform rank is equivalent to choosing a uniform labeled server,
and, when several coordinates are tied, the sorted post-transition vector does not depend on which
tied label is selected.

The abandonment system has additional state-dependent marks. At a sorted state ¢, rank k is
decremented and the vector is resorted at rate

i +
— -1
(= 1)
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These rates can be realized by independent Poisson random measures with state-dependent thinning.
Their sum is YW (q)/N, exactly the additional rate in (9). An abandonment acts only on the
abandonment system and lowers one coordinate. By Lemma 16, the order < is preserved at every
arrival, service, and abandonment mark. Independent Poisson constructions have no simultaneous
effective marks almost surely; imposing any fixed order on the null event of a tie gives the same
conclusion. This proves (11).

For stability, use the quadratic Lyapunov function Wa(q) = 3", ¢? from the proof of Proposition 1.

The abandonment contribution to its drift is

Consequently,

L3yWa(q) < —%S(Q) + 2N — 3,

so the same continuous-time Foster criterion gives positive recurrence. Irreducibility follows from
the finite paths used in the proof of Proposition 1: each such path has positive probability when no

abandonment mark occurs. To prove nonexplosion, let N 1{1\7 (t) be the arrival count. Pathwise,
SN(t) < SN(0) + NY (1).

On every bounded time interval the right-hand side is finite, and the total effective jump rate is
then bounded by 2N + vS™7/N. Thus only finitely many jumps occur.

Start both systems from zero. The pathwise order and convergence of each positive recurrent
irreducible chain to its unique stationary law imply, for every bounded increasing function of the

sorted vector,
By P(Q) < Ery F(Q).

A monotone-class argument gives stationary stochastic domination. O

The localization argument in Lemma 2 applies to £},. Indeed, stationary domination by mn
gives all fixed-N polynomial moments needed for dominated convergence. We will use the resulting
identity

E, (L4 F)(QV7) =0 (72)

for every function F' satisfying the polynomial-growth condition of Lemma 2.

Lemma 17 (Inherited stationary upper bounds). For every a satisfying (5), there are Ny and C,
such that

sup E_~ XN < C,. (73)
N>Ng VN

Moreover, for every fized 0 < 6y < 61, there is C < oo such that

Pry QN > u) < Ce™™/? 4 g Ne~00u/2, u >0, (74)

max

and hence
E.1 (@mak)? = O((log N)?). (75)
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Proof. The maps g — S(q) and ¢ — Qmax(q) are increasing with respect to <. Stationary domination
and Theorem 2 give (73). They also give

P(Qmik > u) < P(Qpuax > u)-

Since QY. < Xn + Dy, (7) and (17) yield (74). Integrating the tail, split at a constant multiple of
log N; below the split use the bound one and above it use (74). This proves (75). O

D.2 Localized occupancy-profile estimates

Proof of Lemma 7. Service completions from one- and two-job queues increase V' by one, at total
rate My + Ms. An abandonment changes V only when it occurs from a two-job queue; it then
changes that queue to level one and increases V' by one. Such abandonments occur at rate yMs/N.
Arrivals decrease V' by one whenever V' > 0, at rate N — 3. These observations prove (54)—(55).
An increase of Z3 requires an arrival to a two-job queue, which under JSQ is possible only when

every queue has at least two jobs, equivalently V = 0. Finally,
Mi+My=N-I-Zg<N-K,  TMy<n,
on {Z3 > K}, proving (56). O

Proof of Lemma 8. A transition I : 0 — 1 is exactly a service completion from a one-job queue,
giving (57). When V = 0, one has I = M; = 0. A transition V : 0 — 1 is then either a service
completion from a two-job queue or an abandonment from such a queue; both leave Z3 unchanged.
This gives (58). The first intensity is at most N and the second at most N + ~. Standard thinning
of homogeneous Poisson processes gives the asserted dominations and hence (59). In particular, for

a constant cr < oo,
P(C}V(NT) + C{/\{K(NT) > CTN2) < 9e—CcrN?

for all sufficiently large N and a suitable ¢/ > 0. O

Lemma 18 (Coarse finite-horizon idleness bound). For every ¢ € (0,1/2) there are constants
¢,C >0, depending on T, B, such that

P ( sup IV7(s) > N1/2+5> < ON2e V™ 4 o(1).
0<s<NT
Proof. At level i, the upward rate of IV is MIN 7 < N — i, while the downward rate is N — 3
whenever i > 0. Thus every excursion of IV7 away from zero is dominated by the birth-death chain
with birth rate IV — i at level ¢ and death rate N — £5.
Let L < N and start that comparison chain from one. The standard birth—death hitting formula,

bounded by its last denominator term, gives

Py (T, < Tp) 31:[
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Let jo = [28] + 1. The finitely many factors below jy are bounded by a constant depending only on
N _ i - .
log jzlog 1- 2 P S—j 6
N-p N—-p N-p
Therefore, for L > 259 and all large IV,

B, and for j > jo,

2
]P’l(TL <Tp) < Cg exp {—055\7} . (76)

By Lemma 8, the number of excursions begun by time NT is dominated by a Poisson random
variable of mean N2T'. A union bound using (76), with L = [N'/2*¢], proves the displayed estimate
apart from the initial state. Balanced initialization and X 7(0) = X(0) > 1 imply

P(IV7(0) > 0) < P(XV7(0) < 1) — 0,
which is the final o(1) term. O
Proof of Proposition 14. Choose 0 < ¢ < 1/8 and set

Ky = [NY/2+2], Ly = [NY2+e],

Consider a VN7-excursion that starts from zero while Zév 7> Ky, and stop it when V returns
to zero or Z3 falls below K. By Lemma 7, while the excursion is active its upward rate is at
most N — K + v and its downward rate is N — 3. Hence Lemma 15(c) gives, uniformly over its
post-jump starting state,

N-K In-1 3e
IP’(VN"Y reaches LN) < (W> < e~ oN*F

N-p

The compensator bound in Lemma 8, followed by the strong Markov property at each start, gives
P(some marked excursion reaches Ly by NT) < N(N + ~)Te~ N )

Under balanced initialization, time zero contributes no uncontrolled high-Z3 deficit excursion: if a
balanced initial state has Z3 > K, then every queue has at least two jobs and therefore V' = 0.

Combining this observation with Lemma 18 shows that, with probability tending to one,

N7 (s) < Ly,

(77)
Zy(s)> Ky = VY(s)<Ly, 0<s<NT.

We next control the aggregate number of jobs beyond level two. Under JSQ, an arrival can
increase the current maximum queue length only if all queues have that common maximum. Service

completions and abandonments never increase the maximum. Consequently, on every sample path,

N (s) gmax{ N7 (0),1+ sup SN;(“)}. (78)

max max
0<u<s
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On {r" > 0}, balanced initialization gives Qmik(0) = [XN7(0)] < R+ 1. Together with (78) and
the possible 1/N overshoot at the exit time, this yields
sup QN7 (Nt) < R+ 2. (79)

mR
t<7y

If T}Z,’R =0 and XV 7(0) > 1, the balanced initial vector has only two adjacent occupied levels
and satisfies M1 (0) = Nr(XN7(0)) exactly. The remaining event {X7(0) < 1} has probability
tending to zero. It therefore remains to work on {TJ?;R > 0}.

Let
N

YT =37 (Q7 - 2)*,

=1

The deterministic identity (37) is model-independent. On {Zév 7 < Ky} and {TX;R > 0}, (79) gives
HMY < (R+2)Ky,

and hence, on the event (77),

My (sN»v)

_ (R+2)Ky +2Ly
N N '

- N

On {Z3"7 > Ky}, both M} and
Nr(SNY/N) = (VI — g+

lie in [0, V], so their normalized difference is at most Ly /N on the same good event. Since
Ky/N — 0 and Ly/N — 0, (60) follows. O

Proof of Proposition 15. On [O,TX[’R],
r(XN) <1 -0
Define the failure time
(n = inf {t e (0,73 : MM (Nt) > N(1 - n/z)} ,

with the convention inf @ = TX;R. By Proposition 14, P({y < T}Z,’R) — 0. Before (p, the birth rate
of the idleness process is at most N(1 —7/2) and the idleness-death rate is N — /3 whenever idleness
is positive. Hence every excursion begun before Ny, stopped at N(y if necessary, is dominated by

a birth—death chain whose probability of reaching level L is at most

_ N(1—-n/2
Py PNZ(N_B/)ﬁl_”/‘l

for all sufficiently large N. The compensator estimate in Lemma 8 and a union bound therefore

show that, for a sufficiently large constant c,),

P sup IV (Nt) > ¢ logN | <P((y < T}Z,’R) +P(IV7(0) > 0) + o(1).

R
t<TN
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The second term charges the entire idleness excursion already active at time zero; excursions
beginning later are covered by the compensator union bound. Balanced initialization implies that
IN7(0) > 0 only when XV7(0) < 1. The latter event has probability tending to zero, so the
right-hand side vanishes. This proves (61).

The proof of Proposition 14 gives the quantitative bound

MY (N -
sup M _ ’I“(XN’V(t)) — O[[D(N_l/2+2€)
tSTK,’R N
for any fixed e € (0,1/8). Multiplication by the logarithmic bound proves (62). O

Proof of Proposition 16. Choose h € C1((1,00)) equal to one on [1 +7, R], and let as, ¥, and ¥y
be the corrector functions defined in Section 5.3. For # = S(q)/N, i = I(q), and m = M (q), the

only term in £},1n not present in Lemma 5 is

W [\IJN <3: - %, ) - WN(%@] : (80)

On the stopped set, W(q) < S(¢) < RN, and the Lipschitz property of aj gives

1 . )
“I’N (x—NJ) —\I/N(mﬂ)

Thus Lemma 5 becomes, on the stopped set,

Ch .
< N—Z(Hl)?.

(i +1)2 N (i + 1)

N N2 (81)

. ‘ m
(EXb)(a) = e)i = 90| < O (64 1) [ = ()] +
The last term is displayed separately to identify the abandonment contribution, although it is
dominated by the preceding term.
Let

M () = ¥ (@7 (u) — Y (QN7(0)) — /O (L) (@Y7 (5)) ds.

Dynkin’s formula at N(t A T;sz)

corrector boundary term, —Mg"y/N, and the integrated error in (81). By (61),

, divided by N, expresses the integral in (63) as the sum of a

2

1 C
— sup |[Yn(QNY(NE))| < —}; 1+ sup IM7(Nt) 2o
N t<T"’R N t<Tn’R

=~TN —'N

The integrated error vanishes uniformly by (62) and (61).
It remains to control the corrector martingale. Let ¢, be the constant in (61), put L, = [¢, log N7,

and introduce the genuine accelerated-time stopping time
iy = inf{t € [0, 707 . INV(Nt) > LAY AT

Up to Ky, the jump sizes and original-time rates satisfy the deterministic bounds
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transition type total rate ‘ |AYn|

arrival with I > 0 or service from a one-job queue < 2N < CL{V /N
other arrival or service transition < 2N < C(L%)?/N?
abandonment < R < C(L%)?/N?
Consequently,
N, (L)', YR(LY)!
<Mw 7> (N(T A ky)) < Cr [(Lﬁ’\,)2 N e

% (M) (N(T A ki) — 0.

Doob’s inequality and the deterministic bracket bound imply

1‘ N P
sup — |[MNY(N(tA K ‘—>0.

Moreover,

Py < T}Z,’R) <P sup NNty > L5 | — 0
t<r;

by (61). Removing this adapted localization gives

1
sup — ’Mg”(N(t A T]@R))‘ 5o,
t<t N

which completes the proof. O

D.3 Stopped process limits, compact containment, and localization

Proof of Lemma 9. Choose § > 0 so that [¢ — §,u + d] lies in both (1,00) and the neighborhood on

which the stopped SDE holds. Let p be the first exit of Y from the enlarged interval, and define the

globally bounded Lipschitz extension b(z) = b,(Ilz), where II is projection onto [¢ — &, u + d]. Let

Y solve dY = b(Y)dt + /2 dB from Y (0). Local pathwise uniqueness makes Y and Y agree until

either leaves the enlarged interval; continuity then identifies the two exit times, so Y (- Ap) = Y (-Ap).
Set 0(t) = b(Y (t))/v/2. Novikov’s condition holds because, with K = sup,, |b(x)],

1 (T
Eexp{2/ 9(8)2(15} < K°T/A,
0

Under the equivalent measure generated by £(— [, 6(s) dB(s))r, B(t) = B(t) —|—fg 0(s) ds is Brownian
in the same filtration and Y (£) = Y'(0) + v/2B(t). Thus Y (- A p) is Brownian motion stopped on
leaving the enlarged interval under an equivalent measure.

If Y(0) € (¢,u) and 7 = 74,(Y) < T, then 7 < p is a stopping time and Y (1) € {{,u}. The
strong Markov property at 7 and regularity of zero for both Brownian half-lines give outward

crossings at arbitrarily small positive times after 7. The same argument at time zero applies when
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Y (0) is an endpoint. Equivalence of measures transfers these properties to the original law; no
assertion is made at other boundary-hit times.

For continuity, let z, — z uniformly and write 7, = 74,(2,) and 7 = 7,,(2). If 2(0) € [{,u],
then 7,, = 0 eventually. If z(0) is an endpoint, time-zero crossing gives limsup,, 7, < ¢ for every
e>0. If 2(0) € (¢,u), compactness of z([0,t]) for ¢t < 7 gives liminf,, 7, > 7; when 7 < T, first-exit
crossing gives limsup,, 7, < 7 + ¢ for every ¢ > 0, while for 7 = T the lower bound and 7, < T

suffice. Hence 7,, — 7. O

Lemma 19 (Joint tightness and marginal martingale limit). Under the assumptions of Theorem &,
fir T < o0, 0 < <1, and R > 2, and let HN’A/ be the extension of the stopped population

martingale defined below. Then
(XN(0), X5, M7 73 5)

is tight in R x D[0,T] x D[0,T] x [0, T]. The two process coordinates are C-tight, and
MY = V2B in D[0,T)

marginally, where B s standard Brownian motion.

Proof. A random-time-change representation gives

(82)

RN() = KN(0) + MV (1) + /0 t [IN”(NS) g W) S)] ds,

N

where M7 is a square-integrable local martingale with jumps of absolute size 1/N and predictable

quadratic variation

'IN—-B N-—INY(Ns)  WHNY(Ns)
Ny (1) = ds.
(MM (1) /0[ T N +1 2 ] s (83)
On the stopped interval,
WhNy Ny
=XV 1
+ N
and therefore (82) can be written as
SN > R N R
%ﬁmsz@+MMWA%>+A b, (XY (s)) ds + £ (1), (84)

where

taTi iArm R
n,R _ N N,y Y V,y 2 NNy
ENT(t) = ; [T (Ns)—g(X™7(s))]ds — N/ I""7(Ns)ds.

By Propositions 15 and 16,

sup [E77 (1)) 5o. (85)
t<T
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We next verify the martingale functional central limit theorem without assuming convergence of

the random exit times. Enlarge the probability space by an independent standard Brownian motion

BY and extend the stopped martingale after T;sz by setting

t -
ﬂN”(t) = MN7(EA T]@R) + \/5/ ]l{s>r]\’,’R} dBY(s).
0

Its predictable quadratic variation satisfies, because WY < RN before the stop,

sup‘<MN’7> (t)—Qt‘ <T ﬁ—kf sup IN’7(N5)+L Eo.
t<T N N _ ar N
- s<TN
The abandonment term is the final term in brackets and is therefore asymptotically negligible.
Moreover,
- 1
sup |[AM (1) < = — 0, (86)
t<T N

so the conditional Lindeberg condition holds. The martingale FCLT (Whitt, 2007, Theorem 2.1)

therefore gives only the marginal convergence
MY = V2B i D0,T).

The stopped population is also C-tight. Indeed, if oy < T are stopping times and éy | O,
optional sampling and (83) give

P (IM¥ (o + ) ATE™) = MY oy AT > €)
CrA~ON + o(1)
< -
The drift b, is bounded on [1 + n, R], (85) is uniformly negligible, and (86) excludes discontinuous
limits. Aldous’ criterion applied to (84) therefore proves C-tightness of X év }g. The initial states are
tight by their assumed convergence, and T]@R € [0, T]. Product-space tightness now proves the joint

assertion. 0
Lemma 20 (Joint Brownian identification). For every joint subsequential limit supplied by Lemma 19,
o~ AN7 7N7
(XN,’Y(O)7X77J_§,M 7 = (X(0), X,) g, M),

the process M is a continuous martingale with respect to the usual augmentation of the filtration
generated jointly by X (0), X;’R, and M. Moreover, M/\/2 is a standard Brownian motion in that
filtration and is independent of X (0).

Proof. Let G be the completed right-continuous filtration generated by the initial queue vector,
the queueing primitives through original time Nt, and the independent auxiliary Brownian motion
through accelerated time ¢. Then HNN is a square-integrable GN-martingale. By Lemma 19, the
marginal law of every limit M is that of v/2 times standard Brownian motion; this fact alone makes

no claim about the joint filtration.
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Fix 0 < s <t <T and let H be a bounded continuous cylinder function of the initial state and
the values of the stopped population and extended martingale at finitely many times not exceeding

5. The corresponding prelimit random variable is GY-measurable, so
—N —-—N
E {HN(M () — M ”(s))} ~0.
The brackets of the extended martingales are bounded on [0, T'] by a deterministic constant depending
only on T, R, v, so the martingale increments are uniformly bounded in L?. The preceding joint
tightness lemma makes the relevant cylinder evaluations continuity functionals at every subsequential
limit. Joint weak convergence and uniform integrability therefore allow passage to the limit. A

monotone-class argument shows that M is a martingale with respect to the raw filtration
Gl = o{X(0), X, p(u), M(u) : 0 <u < t}.
Define its usual augmentation by

Gi= () Ghiopnrs O0<E<T,
e>0

where the overline denotes completion under the limiting law. The martingale property extends from
GY to G. Indeed, for A € G,, replace A by an event in the uncompleted right-continuous intersection
that differs from it only by a null set. For deterministic s, | s with s, < ¢, that event belongs to
ggn, so the G%-martingale identity applies at s,,; continuity of M gives M(s,) — M(s) in L.

The marginal Brownian law gives continuity and, along deterministic refining partitions, the
pathwise quadratic variation [M](t) = 2t. Lévy’s characterization now implies that M/v/2 is
Brownian with respect to G. Since X (0) is Gp-measurable, the Brownian increments, and hence the

Brownian path, are independent of X (0). O

Proof of Proposition 17. By Lemma 19, take a jointly convergent subsequence of the initial state,
stopped population, extended martingale, and exit time. By Lemma 20, write the martingale limit
as /2B, where B is Brownian in the joint limiting filtration and is independent of X (0). On a
Skorokhod representation of this joint law, assume that the path components converge uniformly
and that

t— 70,7

almost surely. Continuity of the limiting martingale gives

MV A TJT\];R) = MN”Y( A 7']7\],’R) — V2B(- A7) uniformly on [0, T7. (87)

For every t < 7, one has t < TX,’R for all sufficiently large N. Passing to the limit in (84), using (85)

and (87), shows that the limiting path solves the SDE with drift b, on [0, 7).
Let
T=inf{t <T: X, z(t) ¢ (L+0,R)} AT,

with 7 = 0 when X (0) ¢ (1 +n, R). We identify 7 by cases. If X (0) lies strictly outside the closed

interval, uniform convergence of the initial states gives TJT\];R = 0 eventually and hence 7 =7 =0. If
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X (0) is an endpoint and 7 > 0, the limiting path solves the SDE immediately after time zero; the
time-zero clause of Lemma 9 then gives an exterior point before 7, contradicting uniform convergence
of prelimit paths that remain in the open interval before their exit. Thus 7 = 7 = 0 also in this case.

Suppose now that X (0) € (1 +n, R). Then TJT\’,’R > 0 for all sufficiently large N. If 7 < T, the
prelimit exit value is outside (1 + n, R) with overshoot at most 1/N; uniform convergence gives
X%R(%) € {1 +n,R} and hence 7 < 7. If 7 < 7, the first-exit clause of Lemma 9 gives a time
t € (r,7) with X;R(t) ¢ [1 4+ n, R]. For all sufficiently large N, one has ¢t < T;\’,’R and the prelimit
path lies in (1 + 7, R), contradicting uniform convergence. Therefore 7 = 7. This also covers the
capped case T =1T.

R, so the limit is constant after 7. Together

Every prelimit stopped path is constant after 7,
with (87), this proves the absorbed SDE (64). Pathwise uniqueness on compact subintervals of

(1, 00) implies uniqueness in law and convergence of the entire stopped sequence. O

Proof of Proposition 4. The drift b, is locally Lipschitz on (1,00). With normalization at two, its

scale density is

o (z) = zilexp{(lnLﬁ)(a:—Q)+%((w—1)2—1)}, l<z<2,
exp{ﬁ(m—2)+%((m_1)2—1)}, ey

Both scale integrals diverge, while m, =1/ 3/7 is integrable because it is of order x — 1 near one and
has Gaussian-type decay at infinity. The nondegenerate constant diffusion coefficient gives a strictly
positive transition density on the interior. Hence Lemma 12 gives nonexplosion, positive recurrence,

uniqueness, and total-variation ergodicity. Normalizing m. gives exactly (14). O

Proof of Lemima 10. For the upper boundary, couple Q"7 with the system Q¥ without abandon-

ment, started from the same balanced initial vector. By Proposition 3,
XN < XM, >0,

almost surely. The Gupta-Walton theorem Theorem 1 implies tightness of sup,<p XN 0(t), and

therefore

lim limsup P | sup XV7(t) > R | =0. (88)
Rfoo N0 t<T

Fix n > 0 and R > 2. We use the enlarged localization interval (1 + 7, 2R) so that, on the event

sup;<r XN 7 (t) < R, its upper boundary cannot trigger the stop; only the lower-boundary event is

relevant. On the event

{inf XN(t) <14 2n, sup XNI(t) < R} ,
t<T t<T

the process stopped on leaving (1 4+ 1, 2R) has infimum at most 1 + 2n; the jump size 1/N makes
this implication immediate for all large V. By Proposition 17 and the portmanteau theorem applied
to the closed set

{z € C[0,T] gg%z(t) < 1—|—27]},
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we obtain

limsup P (inf XNt <14 2n, sup XN (8) < R) <P <inf X7(t) <1+ 277) .
N—oo t<T t<T t<T

Here the stopped limit is identified, by pathwise uniqueness, with the global solution X7 stopped
on leaving (1+7,2R). By Proposition 4, X7 has continuous paths and never reaches one. Hence its
minimum on [0, 77 is strictly larger than one almost surely, and the probability on the right tends to
zero as 1 | 0. Combining this fact with (88), in the order N — oo, then R 1 oo, then 71 | 0, proves
(65).

It remains to verify the oscillation condition for the full sequence. For z € DI[0,T], let
wr(z,0) = sup{|z(t) — z(s)| : 0 < s, t < T, |t —s| <}

Let ﬁZ,’R be the first exit from (1 + 7, 2R), capped at 7. On the event

{inf XNt > 14 2n, sup XV (1) < R} ,
t<T +<T

the full path agrees on [0, 7] with the path stopped at %J']Z,’R. Hence, for every € > 0,

P(wT(XN’V,é) >e) <P (inf )?N’V(t) <1+2nor sup)?N’V(t) > R)
t<T t<T
+ P(wp(XNV(-AFER),8) > ).

For fixed n and R, the second term vanishes after taking lims | limsupy_,,, by Proposition 17. The
first term is made arbitrarily small by (65), in the order N — oo, R 1 0o, and 7 | 0. Together with
the compact-containment estimate and tightness of the initial conditions, this proves C-tightness of

the full sequence. O

D.4 Stationary moment bounds and stochastic averaging

Lemma 21 (Stationary idleness moments with abandonment). There are constants ¢, C, Ny > 0,

depending on B and vy, such that

Eq IV <G, (89)

P (INY > L) <CNe /N 0<L<N, (90)
1

B (T2 = ON¥Y),  TEq (1N —0. (91)

Proof. Apply (72) to S and use (10). This gives
EINY =8+ %EWN” < B+1EX}, <C,

where the last bound follows from (73).
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Abandonment never changes I. Therefore the stationary level-crossing identity across the cut
{I <j} is exactly
. N
(N = BPUNT = j+1) = E[MM T gncyy)-
Since MV < N — N7,
N—j
N-p

P(INVY =j+1) < P(IN7Y = ).

Let jo = [28] V 1. For j > jo and all large N,

N—=J o -ileN)
N_§-

Iteration gives P(I = j) < Ce*CjZ/N, and summation over j > L proves (90). With L = N3/4, use
I? < LIon{I <L} and I < N to obtain
EI? < LEI + N?P(I > L) < CN3/4 + CN3e~eN'?.
This proves (91). O
Proposition 18 (Marked deficit excursions with abandonment). For integers K,v satisfying
B+~v< K <N, v>1,

one has

(92)

v—1
Py (V97 20,20 2 1) < g0 (RE2T)

T K-f-v N-p
Proof. Work on the two-sided stationary path space of Q7. Nonexplosion gives locally finite paths.

Mark the transitions o satisfying

VNI (o) =0, V™(o)=1,  Z37(0) > K.

Predictable thinning of the service and abandonment marks, as formalized in Proposition 5, gives

the marked-excursion compensator

v
Lov(t—)=0, zs(t—)>K} (1 + N) M (t—) dt.

At a marked start, V =0 implies I = M7 =0 and My = N — Z3 < N — K. Its stationary intensity
is therefore at most
W € (143) (V= K) S N+ (93)

Start the original chain from any possible post-jump state with V =1 and Z3 > K, and let
T, = inf{t : V() > v}, Tk =inf{t: V(t) =0 or Z3(t) < K}.
Before T, Lemma 7 gives upward rate at most
b=N—-K -+~
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and downward rate

d=N—8.

The condition K > 3 4« is exactly b < d. Hence Lemma 15(c) yields

N—.F(4—'y>v1

]P’(TU<TK)§< N_3

(94)
The exact generator drift of V is

(L3V)(g) = Mi(q) + Ma(q) + - Ma(g) — (N — B)

= 8- I(q) ~ Zs(a) + - Ma(a).

Thus, before Tk,
(LAV)(Q()) < —(K =B — ).

Starting from any state with V = v and Z3 > K, Dynkin’s formula stopped additionally at V =m

and at deterministic time T, followed by m — oo and T — oo, gives

[
sup ETx < ——. 95
q:V(g)=v o K_5_7 ( )
Z3(q)2K

The strong Markov property at T, combines (94) and (95). Attach to each marked excursion the
indicator profile from its first hit of v until T%. This profile dominates occupation of {V > v, Z3 > K}
within that excursion. Campbell’s formula Lemma 15(a), together with (93), proves (92). The bound
is governed by the marked-excursion start intensity N + +, the subcritical birth rate N — K + ~,
and the drift margin K — 8 — ~. O

Proposition 19 (Stationary idleness-weighted approximation of the one-job queue count). As
N — o0,

N Mle‘/ i
B, [(IN7 4+ 1) | == —r(X3)|| — 0. (96)
Proof. Set
=~ 1/2 1/4 ]\411\[’7
Ky=[NY?],  oy=N"1 A} == - r(X3)

The deterministic bound (37) remains valid. On {Z?]’V T < Ky},
HYY =3 (@7 = 2)F < KnQui
i
Therefore, by Cauchy—Schwarz, Lemmas 17 and 21,

E[(INY + 1)AY; 237 < K]

max

KN r Ny Nl o 2@ irNoy( Ny
gNE[(I +1)Q ]+NJE[I (1N 4+1)]
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< B B+ 1) ®QNDY) + o
(N"V8log N) + O(N~Y4) = o(1).

On {Z3"7 > Ky}, both M} and Nr(X7,) lie in [0, VN7, s0 A), < VN7/N. The contribution
from VNV < §yN is at most
SNE(INT 41) = o(1)

by (89). On the complementary event, use A}, < 2, I +1 < N + 1, and Proposition 18 with
K=Ky, v=[6yN]=][N%4].
For all large N, K > 3+, and

N—-—K+~\""! < geNYA
N-p3 - ‘
The remaining factor is polynomial in N, so this contribution also tends to zero. Combining the

three regions proves (96). O

Proposition 20 (Stationary stochastic averaging with abandonment). For every h € C}((1,)),
B, [B(X)IY — h(XL)g(X3)] — 0. (o7)

Proof. Use the same corrector ¢n(q) = YN (S(q)/N,I(q)) as in Section 5.4. The abandonment
contribution is (80). Because aj, has compact support, that contribution can be nonzero only when
S(q)/N lies in a fixed compact enlargement of the support. On this set W(q) < S(q) < Cp,N, and

therefore (@ ) o
YW (g . . hy (. 2
- =7 R — — < .
‘ ~ [\IJN <x N,z) \IIN(:c,z)” < (14+1)

Combining this estimate with Lemma 5 gives, for all states,

m i 2 G 2
(E30n)a) ~ H(a)i = aa)| < sy [ 1) |7 = )] + 2+ 555 ) 0w

For fixed N, ¢y is bounded. The abandonment part of its generator is also bounded because it
vanishes outside the compact enlargement just described. Hence (72) applies and EE?VwN = 0.
Taking expectations in (98), the first term vanishes by Proposition 19, while the remaining terms
vanish by (89) and (91). This proves (97). O

Proposition 21 (BAR for subsequential stationary limits with abandonment). The laws of X},

are tight. Every weak subsequential limit v is supported on [1,00) and satisfies

/(1 ) [f"(x) + by(2) f'(@)] v(da) =0, f€C((1,00)). (99)
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Proof. Tightness follows from (73). Apply (72) to f(S/N) for f € C3((1,00)). The upward rate of

S is N — (3, and its total downward rate is
N — IV T whia
N

Multiplying the generator identity by N and applying Taylor’s theorem gives

N, N, N,
0=k | (1% =5 -2 ) re)] + B (1= FET 1S ) 10|+ 0aa (v,
(100)

The remainder is uniform: a jump can affect f(S/N) only when S/N lies in a fixed compact
enlargement of supp f, where W = O(N).
Use the exact identity

The I/N terms vanish by Lemma 21, and Proposition 20 replaces I"? against f’ by g(X};). Passing
along a weakly convergent subsequence in (100) proves (99).

Finally,
Ny

I
1- X))t < ——
( N) = N7

because N —S = I—W < I. Equation (89) therefore implies E(1—X};)* — 0, so every subsequential

limit is supported on [1, 00). O

D.5 Pooled comparison, zero flux, and completion

Proposition 22 (Pooled M/M/N + M comparison). Let CNV be the pooled M/M/N + M queue
with arrival rate N — (3, unit-rate servers, and waiting-customer abandonment rate v/N. For all

sufficiently large N,

OV (00) <g SN(00). (101)
Moreover,
Ny
CN@O) = Yp 4, (102)

where Y3 is supported on (1,00) and has density
e~ Bly=1)—(y—1)%/2

. - (103)
/ PR {y>1}
0

Yy

Proof. At population m, the pooled downward rate is

dp(m) = min(m, N) + %(m — N)*.
If the JSQ system has B busy servers and total population m, then its service-plus-abandonment

rate is

_ Tim—_p)y=1" _
da(m, B) = B + 1-(m — B) N+(1 N)B.
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For N > ~, the coefficient of B is nonnegative. Since B < min(m, N),
da(m, B) < dy(m).

The two systems have the same upward rate. A standard skip-free coupling uses common arrivals;
when the populations are equal, every downward jump of the JSQ system is paired with a pooled
downward jump, while the excess pooled downward rate acts only on the pooled process. This
preserves OV (t) < SN7(t) from equal initial populations. Starting both from zero and passing to
stationarity proves (101).

Let wy denote the stationary distribution of the pooled birth—death chain and put Ay = N — S.
For 57 > 0, detailed balance gives

wn(N + ) — an(j) ::ﬁ N-3

wn(N) N+ /N
For every fixed y > 0,
[NVy] 3 .
logan(|Ny]) = Z [log (1 - N> —log <1 + N2>]
(=1
— —By — %y2,

uniformly for y in compact subsets of [0,00). Also,

) < 1—ﬁ j< —Bi/N
an(j) < N <e )

Dominated Riemann-sum convergence therefore yields

1 o
NZ —>/ —By=1/2 qy. (104)
7=0

For the mass below IV, detailed balance gives, for 1 <k < N,

k— 1

After absorbing the finitely many factors with £ < 2/ into a constant, the logarithm of this product
is bounded above by —ck?/N. Hence

_ N
Z wN(m; < Czefcl#/N _ O(\/ZV) (105)
m= k=1

Equations (104)—(105) show that stationary mass below N vanishes after normalization. Applying
the same Riemann-sum argument with a bounded continuous test function identifies the limit
of (CNY — N)/N as the law on [0,00) with density proportional to e~#¥=7%*/2. This proves
(102)-(103). O
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Proposition 23 (Boundary exclusion and zero-flux uniqueness). Every weak subsequential limit of

X assigns probability one to (1,00) and is the law with density (14).

Proof. Let XX,J, = v. By Proposition 21, v is supported on [1,00). The stochastic order (101) is

closed under weak convergence. Since the limit in (102) assigns probability one to (1, 00),
1= P(Yﬁﬁ >1) <v((1,00)),

sov({1}) =0.
Apply Lemma 6 to the BAR (99) on (1,00). The measure v has a locally absolutely continuous
density p satisfying
P'(z) = by(z)p(z) = c (106)

for some constant c¢. For z > 2, the general solution is

p(@) = exp{ Bl —2) - L (@ - 1)* - 1)}

X [A+c/jexp{ﬁ(y—2)+g((y—1)2—1)} dy] .

(107)

If ¢ < 0, the bracket in (107) is eventually negative, contradicting nonnegativity of p. If ¢ > 0,

I’Hospital’s rule gives

exp{ Bz —2) - H((z—-1)2-1)} / Cen{Bu -2+ L(w- 121} ay
1
R EETCE)

which is not integrable. Thus ¢ = 0. Solving (106) with zero probability flux on (1,2) and (2, c0),

T — 00,

matching at two, and normalizing gives exactly (14). Hence every subsequential limit is the same
law. O

D.6 Interchange and moment convergence

Proof of Corollary 3. By Lemma 14, the fixed-N laws converge to 73 from every initial law, so the
steady-state-then-many-server limit is Theorem 6. Under the balanced initialization of Theorem 5,
that theorem gives the many-server limit at each fixed time, and Proposition 4 sends the limiting
diffusion to its invariant law as time tends to infinity. Finally, apply Lemma 13 to Theorem 6 and
(73). O

62



	Introduction
	Related literature
	Main contributions

	Model and main results
	Finite-system dynamics and stationary identities
	NDS scaling and the limiting diffusion
	Steady-state results without abandonment
	Abandonment model: diffusion and steady-state results
	Proof architecture

	State-space collapse and excursion estimates
	State-space collapse and the deficit process
	Marked-excursion decomposition
	Occupation bounds for level-three occupancy and the deficit process

	Uniform exponential-moment bound and tightness
	Vanishing idleness in high-population states
	Exponential-moment control weighted by idleness
	Level crossings and the exponential transform

	Stationary averaging of the idleness contribution
	Stationary tails of idleness
	Idleness-weighted approximation of the one-job queue count
	The frozen-chain Poisson equation
	Generator comparison and averaging

	Identification of subsequential stationary limits
	The BAR for subsequential limits
	Support and exclusion of boundary mass
	Probability flux and uniqueness
	Completion of the baseline stationary results
	Stationary identification with abandonment

	Diffusion limit with abandonment
	Localized occupancy-profile estimates and averaging
	Localized diffusion identification and removal of localization

	Conclusion and outlook
	Common auxiliary lemmas and fixed-system foundations
	Fixed-system recurrence, moments, and stationary identities

	Marked-excursion construction and auxiliary occupation estimates
	Marked excursions and compensators
	Proofs for the excursion estimates

	Technical proofs for the baseline stationary analysis
	Invariant law and ergodicity of the limiting diffusion
	Auxiliary proof of the uniform exponential-moment bound
	Auxiliary proofs for stationary averaging
	Comparison with the pooled many-server queue and boundary exclusion
	Distributional probability flux and density

	Technical proofs for the abandonment results
	Order-preserving construction and finite-system consequences
	Localized occupancy-profile estimates
	Stopped process limits, compact containment, and localization
	Stationary moment bounds and stochastic averaging
	Pooled comparison, zero flux, and completion
	Interchange and moment convergence


